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Mixing and available potential energy in stratified flows
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~Received 14 July 2000; accepted 1 February 2001!

Mixing plays an important role in atmospheric and oceanic flows. It occurs on the small scales, is
due to molecular diffusion, and is irreversible. On the other hand, stirring is a kinematic process that
enhances mixing but is reversible. Budgets of the available potential energy, which require that the
reference potential energy be computed, are used to study these processes. We develop an approach
for calculating the available potential energy from the probability density function that is more
efficient than existing methods, especially in two and three dimensions. It is suitable for application
to both numerical simulations and experiments. A new length scale is defined which quantifies
stirring and provides a measure of the strength of overturns resulting from stirring as well as their
size. Simulations of lid-driven cavity flow and stratified homogeneous turbulent shear flow provide
illustrations of the method. The new length scale is similar to Thorpe scale in lid-driven cavity flow
and closely related to the Ellison scale in homogeneous sheared turbulence. ©2001 American
Institute of Physics.@DOI: 10.1063/1.1358307#
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I. INTRODUCTION

Mixing is an important process in density stratified ge
physical flows. Energy is extracted from the mean flo
through shear production of turbulence while buoyancy s
bilizes the flow by converting vertical turbulent kinetic e
ergy into available potential energy~APE! through
stirring.1–3 Which mixing mechanisms are active depends
the nature of the external forcing and the stratification. In
open ocean, many mechanisms have been identified.
surface shear stress induced by the wind produces a ho
geneous well-mixed layer whose lower boundary is tra
ported downward by entrainment. This situation can be
produced in the laboratory using oscillating grids a
simulated by direct numerical simulation.4–6 Turbulent mix-
ing can be created in the ocean by surface and internal w
breaking and by tidal forcing. Our objective in this study
to develop an approach to investigate turbulent mixing qu
tatively based on the length scales and energy budgets.

A. Length scales in stratified flows

The strength of mixing in the ocean is partially dete
mined by the length scales of the turbulent eddies.2,7–9 The
behavior of a stratified turbulent flow depends on a bala
of three types of forces: inertial, buoyant, and viscous. Bu
ancy forces act on the largest scales of vertical motion
tend to suppress them. Viscous forces act on the sma
scales and determine their size.

One important scale in the presence of buoyancy is
Ozmidov scale,LO5(«/N3)1/2 where« is the kinetic energy
dissipation rate andN is the Brunt–Va¨isälä frequency (N

5A2(g/ r̄)]r̄/]z). LO is the largest scale that can overtu
so scales larger thanLO are dominated by buoyancy

a!Author to whom correspondence should be addressed. Electronic
yhtseng@stanford.edu
1281070-6631/2001/13(5)/1281/13/$18.00
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However, overturning length scales greater thanLO can oc-
cur when internal waves are present.6,10 Waves contribute to
the overturning scale but not the Ozmidov scale.1 If the ver-
tical velocity fluctuations due to internal waves are sm
compared to those of turbulence, the buoyancy scaleLB

5(w̄2)1/2/N can be used instead of the Ozmidov scale.2

Ellison ~1957!11 proposed an overturning length sca
defined byLE52r rms/(]r̄/]z) wherer rms is the root mean
square~rms! density fluctuation.LE is a typical vertical dis-
tance travelled by a fluid particle before beginning to retu
to its equilibrium level or mixing.

Another commonly used scale is the Thorpe scale,LT ;12

it is obtained by reordering the density profile into a sta
monotonic profile. Thorpe’s method is useful when t
sampled data is on a single vertical line or when the flow
horizontally homogeneous. Let the vertical density profi
haveN layers, thejth of which has densityr j and depthZj .
If this layer must be moved to depthZk to generate a stable
profile then its Thorpe displacement isdj5(Zj2Zk). Typi-
cally, these displacements are computed using a bubble
For large data sets, quicksort can be used instead. On ave
it is the fastest known sorting algorithm. An illustration o
the sorting process is given in Fig. 1. The Thorpe scaleLT is
defined as the rms of the displacements

LT5~ d̄ j
2!1/2. ~1!

LT is proportional to the mean eddy size provided that
horizontal density gradient is much smaller than the verti
gradient. Thus it is an overturning scale.

Thorpe displacements are useful in estimating verti
mixing.13 Strongly mixing flows are characterized by larg
displacements that are negative at the top of the domain
positive at the bottom. The sorted state is a reference sta
minimum potential energy~Fig. 1!. A strong correlation be-
tween LT and LE is found in laboratory experiments an
numerical simulations except at high Richardson num
il:
1 © 2001 American Institute of Physics
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FIG. 1. ~a! A hypothetical density in-
version profile and the reordere
stable density profile.~b! The corre-
sponding Thorpe displacements.
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; it
~Ri!.2,7,14Weak internal waves do not affectLT but do affect
LE . Previous work indicates thatLT and LO are linearly
related when the flow is dominated by buoyancy.7,13,15

Winters et al.3 gave a precise, three-dimensional~3D!,
mathematical sorting method. However, the definition of
Thorpe scale in three dimensions is ambiguous. SinceLT is
computed by reordering each individual vertical density p
file, most researchers defineLT in 3D as the rms of the one
dimensional~1D! Thorpe displacements.2 One can also de
fine a three-dimensional version of Thorpe scale,LT 3D ,
which is computed using the location,Z* of the particle
when horizontal as well as vertical displacements
allowed.3 It is the rms of the vertical component of the
displacements (z(x,t)2Z* (x,t)) over the domain.LT is a
measure of vertical overturning only, whileLT 3D is a mea-
sure of scalar displacements in general.14 Internal waves may
affect LT 3D but not LT but, otherwise, the differences a
usually small.

Inertial forces are balanced by viscous effects at the K
mogorov scale,LK5(n3/«)1/4.

B. Mixing and stirring

Mixing and stirring are distinct processes. Stirring is
mechanical process that brings fluids of different densi
into contact through the action of strain and vertical motio
thus converting kinetic energy into potential energy. Af
the fluid has been stirred, it may mix or re-stratify throu
gravitational settling. Mixing is the process of diffusio
across interfaces to produce fluid of intermediate density
is an irreversible process.

The concepts of mixing and stirring have been stud
by several groups.16–18 However, accurate distinction be
tween them in experiments is not easy. Aref and Jon17

investigated reversible chaotic advection and irreversible
fusion via numerical experiments. Broadwell and Munga16

discussed scalar mixing in turbulent shear layers and
using experimental results. They considered large-scale
trainment, stirring at the large scales, and diffusional mix
at the small scales. Diffusion acts over a longer interface
stirred and stretched blob than in an unstirred one. On
other hand, Rehmann18 applied scaling analysis to estima
mixing and investigated Schmidt number effects on the m
ing efficiency in towed-grid turbulence experiments. Ifg is
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the ratio of the mixing time to the decay time of the turb
lence, little mixing occurs wheng@1 as a stirred fluid parce
returns to its original position before the density differen
can diffuse away. Wheng!1, a stirred parcel immediately
loses its identity by mixing with the surrounding fluid. H
scaling analysis of the effects of the Richardson, Reyno
and Schmidt number agrees well with previo
experiments.9,16,18

Many other observations show that molecular diffusi
plays a non-negligible role in turbulent stratified flows.9,19,20

However, there is disagreement onhow the diffusivity af-
fects turbulent mixing. Ivey and Imberger9 suggested tha
molecular diffusivity plays a significant role when Sc,1 and
the density fluctuations are rapidly dissipated. Some labo
tory experiments and numerical simulations support this
pothesis. According to Ivey and Imberger,9 experimental re-
sults show a peak flux Richardson number,Rf , in air
~Sc50.7! that is about 20% lower than that in saltwat
~Sc5700!. Their measurements in heated water~Sc57!
agree with the saltwater result. Itsweire and Helland~1989!21

found that scales smaller than 3LK do not contribute to the
vertical mass flux. Other results suggest that diffusivity co
tributes to mixing greatly even when Sc.1. Holt et al.1

found that the vertical mass flux decreases from Sc51 to
Sc54. Other researchers proposed a critical Peclet num
~Pe5ReSc!19 or a critical Richardson number Ri, whic
could depend on Pe and Sc.22,23 The entrainment rate is
thought to be dominated by the molecular diffusivity below
critical Pe or above a certain Ri. In addition to the Pec
number, Breidenthal~1992!24 considered the effects of th
Schmidt, Richardson, and Reynolds numbers on entrainm
at stratified interfaces. The effect of molecular diffusivity
still not completely clear. In this study, we will explore th
molecular diffusivity effect in lid-driven cavity flow and ho
mogeneous sheared turbulence.

C. Potential energy budgets

Molecular diffusion causes irreversible diapycnal mi
ing, increasing the reference potential energy. The latte
the potential energy of a state created by allowing the stir
fluid to settle reversibly to its lowest potential energy state
was first introduced by Lorenz.25 The rate of increase of the
IP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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1283Phys. Fluids, Vol. 13, No. 5, May 2001 Mixing and available potential energy
reference potential energy is a fractionh,1 of the rate of
turbulent energy production and is called the mixing e
ciency.

Available potential energy~APE! may contribute to oce-
anic or atmospheric circulation as it can be converted i
kinetic energy. It is defined as the difference between
actual potential energy and the potential energy of the re
ence state. The relation between available potential en
and mixing has been investigated by many researchers.3,26–28

Winterset al.3 derived a dynamic evolution equation for th
APE of a Boussinesq fluid. Their analysis carefully dist
guishes the total potential energy and the reference pote
energy and is useful for evaluating irreversible diapyc
mixing rates in turbulence simulations.

The purpose of this study is to develop a method
evaluating the available potential energy through a proba
ity density function~pdf! approach and to quantify diabat
mixing and stirring in terms of the available potential energ
This leads to a natural relationship between the APE an
length scale. The pdf approach is an efficient method
evaluating the reference potential energy in both numer
simulations and experiments and can easily be extende
more complicated flows. The length scale defined be
characterizes vertical overturns produced by stirring eve

The rest of the paper is organized as follows. Section
describes the new pdf approach for calculating the APE
defines the new length scale. Section III applies the pdf
proach to 2D lid-driven cavity flow and studies the effects
the nondimensional parameters on it. Section IV investiga
the new length scale in homogeneous sheared turbulence
relates it to other length scales. Finally, the results are s
marized and discussed in Sec. V.

II. THE PDF APPROACH FOR ENERGETIC ANALYSIS

In this section, we introduce the basis for the pdf a
proach and the new length scale. This approach is relate
the one presented by Winterset al.3

A. The pdf method

An important task in studying the energetics of ocea
circulation is the evaluation of the available potential ene
~APE!, the difference between the actual total potential
ergy ~TPE! and the potential energy of a reference st
~RPE!. The reference state is the one with minimum pote
tial energy that can be obtained through the adiabatic re
tribution of the density:3

APE5TPE2RPE. ~2!

APE represents the part of the potential energy tha
available for conversion into kinetic energy during adiaba
readjustment. The total potential energy in a cylindrical d
main of volumeV is

TPE5E
V
rgz dV, ~3!

wherer is the density of the fluid andz is the vertical spatial
coordinate. Note thatr5r(x,t).
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We next relate APE to the pdf. Letr̃ be the independen
density variable in probability sample space,rP@rm ,rM#,
whererm andrM are the minimum and maximum values
the density. The probability of densityr in the range be-
tween r̃ and r̃1dr̃ is P( r̃)dr̃. P( r̃) may be defined in
terms of the volume integral of a delta function

P~ r̃ ![
1

VEV
d~r̃2r!dV. ~4!

Let us defineZr(r) to be the height of fluid of densityr
in the minimum potential energy state and letdZr be the
thickness of the layer containing fluid of density betweenr̃

andr̃1dr̃. We use the notationZr(r) in order to distinguish
the pdf reference state from the spatial reference st
Z* (x). If we assume that all fluid layers have the same ho
zontal surface areaA, the volume occupied by this fluid is

A dZr ur5VP~ r̃ !dr̃ur . ~5!

If the domain is not cylindrical, the horizontal cross secti
A is a function of the vertical coordinate. Note thatr̃ is a
dummy~independent! variable in probability space. The ref
erence state profileZr(r) can be obtained by integrating~5!

over r̃:

Zr~r!5HE
r

rM
P~ r̃ !dr̃, ~6!

whereH5V/A is the height of the domain. The RPE can
written as

RPE5gAE
0

H

rZr~r!dZr . ~7!

We can express the reference density profile as a functio
the reference coordinateZr , i.e., r(Zr). The reference po-
tential energy then becomes

RPE5gAE
0

H

r~Zr !Zr dZr . ~8!

The calculation of the APE thus consists of the follow
ing steps. The density field is scanned and the fluid in e
control volume is put into a bin. At the end of the scan, t
normalized number of control volumes in each bin gives
pdf. Equation~6! is then used to computeZr(r). Finally, Eq.
~7! gives the RPE. As the TPE can be computed during
scan, we have enough information to compute the APE. T
process is much more efficient than the sorting process u
by Ref. 3, especially in two and three dimensions. It is eas
applied to field or laboratory data.

The extension of the pdf approach to an arbitrary dom
with complex geometry is straightforward.Zr(r) can be ob-
tained directly from

E
0

Zr (r)

A~z!dz5VE
r

rM
P~ r̃ !dr̃, ~9!

whereA(z) is the horizontal section area instead of const
section areaA.

In order to ensure accuracy in calculating the RPE,
employed an adaptive mesh in probability sample spa
IP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp



l

1284 Phys. Fluids, Vol. 13, No. 5, May 2001 Y.-h. Tseng and J. H. Ferziger
FIG. 2. ~a! Typical pdf of density at
the initial, intermediate, and fina
states of lid-driven cavity flow.~b!
The reference statey(r) at the initial
( – – ), intermediate ( –•), and final
(—) states.
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which allows for the possibility of delta functions in th
initial density pdf, i.e., large amounts of fluid near the ma
mum and minimum densities@Fig. 2~a!#. Specifically, we use
a Chebyshev transformation for discretizing the sam
space instead of a uniform grid when the program detec
steep density gradient near the upper or lower bound of
probability space. When the probability is highly conce
trated nearrM , the mesh near the boundary is chosen s
that xj5dx cos(uj), u j50, . . . ,p/2, and dx is the uniform
mesh used in the other regions. Since it gives a finer g
near the boundaries, Chebyshev transformation is a g
choice for discretizing the pdf.

B. Comparison with the existing approach

A method for calculating the APE was given by Dillo
and Park26 and Oortet al.27 based on the quasigeostroph
approximation. Winterset al.3 used the volume integral ap
proach. In this section, we compare the current pdf appro
with the common method developed by Winterset al.3 for
calculating the reference potential energy.

For the case of the constant horizontal section, the
erence state heightZr(r) is the height of the water colum
times the cumulative pdf in space ofZ* (x,t) defined in Ref.
3:

Z* ~x,t !5
1

AEV8
H~r~x8,t !2r~x,t !!dV8, ~10!

whereH is the Heaviside step function

H~x!5H 0, x,0,

1
2, x50,

1, x.0.

~11!

The most popular method of calculating the referen
stateZ is to sort the density field and interpolate it onto
*
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fixed vertical grid. On the other hand, having the cumulat
probability distribution, we can directly obtain spatial refe
ence state,Z* (x,t), from Zr(r). Note that the spatial refer
ence state is the vertical location in the sorted fluid occup
by a parcel found at (x,t) in the unsorted fluid.

Let us compare the CPU-time required to calculate
reference potential energy by the pdf approach and
method of Winterset al.3 in two-dimensional~2D! lid-driven
cavity flow and 3D homogeneous sheared turbulence~Table
I!. The difference in the computed values of the RPE
O(1024) in lid-driven cavity flow andO(1023) in homoge-
neous turbulence and is primarily due to the discrete g
used in the pdf method~Fig. 3!. The time is normalized by
Tc5r0U lid

3 /Lc in lid-driven cavity flow and dimensionles
shear timeSt is used in homogeneous turbulence. When
grid count is large, the pdf analysis requires less calcula
and is simpler to program. In calculating the reference s
Z* by the method of Winterset al.,3 the CPU time is pro-
portional to the total number of grid points in the physic
domain (N2 in two dimensions!. For the computation by the
pdf method, it depends only on how the pdf is discretized
probability density space. The savings are significant
large grids. The pdf approach is easily extended to the th
dimensional case as shown in Sec. IV and the computatio
cost savings are much larger~Table I!.

C. Stirring length scale „L S…

From the available potential energy defined above, a v
tical stirring length scaleLS can be defined for a two-laye
stratified fluid:

APE

r0V
5g8LS , ~12!

where g85gDr/r0 is the reduced gravity andDr is the
e

TABLE I. Comparison of average CPU-time (1021 s! for the RPE calculation.

Flow Lid-driven cavity flow Homogeneous turbulenc

Platform SunEnterprise 5500~MATLAB ! Cray Y-MP ~F90!

Grid size 32332 64364 80380 12831283128
Volume integration~Ref. 3! 1.35 15.60 37.66 176.66
Pdf approach 1.26 3.76 6.07 0.12
IP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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FIG. 3. The calculated difference be
tween the reference potential energ
computed via the pdf and sorting ap
proaches~Ref. 3!. ~a! Lid-driven cav-
ity simulations of Fig. 5@ – : case~a!;
– – : case ~b!#. ~b! Homogeneous
sheared turbulence (L: case px;s:
case fc!.
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difference between the maximum and minimum densities
the domain at any time.LS can be regarded as a dens
weighted displacement.

In continuously stratified fluids, the expression forLS

can be rewritten in terms of the background buoyancy
quencyN:

APE

r0V
5

1

2
N2LS

2 , LS5A 2APE

r0VN2
. ~13!

The length scaleLS is clearly a measure of stirring and
affected by both overturning and the strength of the den
fluctuations. In turbulent flows, the APE can be replaced
the fluctuating APE.LS can be interpreted as the size of
turbulent patch generated by stirring but, as it is affected
the intensity of the density fluctuations, it is a kind of dens
weighted Thorpe scale. In the ocean, the stirring length s
usually cannot be measured directly and is usually appr
mated by the Thorpe scale.26 The current energy budge
analysis provides a way to fill this gap.

III. APPLICATION TO LID-DRIVEN CAVITY FLOWS

We shall use two flows to illustrate the pdf method f
the available potential energy. First we consider initia
stratified two-dimensional lid-driven flow in a square cavi
Then we shall look at homogeneous sheared stratified tu
lence.

A. Numerical simulation of lid-driven flow

Lid-driven cavity flow is often used to test numeric
methods. The governing equations for an incompressi
stratified flow are those of conservation of mass, moment
and the density. The Boussinesq approximation is adopt

]ui

]xi
50, ~14!

]

]t
ui1uj

]ui

]xj
52

1

r0

]p

]xi
1n

]2ui

]xj]xj
1

r

r0
gi , ~15!

S ]

]t
r1uj

]r

]xj
D5a

]2r

]xj]xj
. ~16!
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These equations apply to both two- and three-dimensio
flows, but we will consider only the two-dimensional cas
The Reynolds number is

Re5
U lidLc

n
, ~17!

wherer5r01r8, r0 is the constant reference density,gi is
the gravity acceleration in thexi direction,Lc is the width of
the cavity,n is the kinetic viscosity, anda is the molecular
diffusivity.

The Schmidt number is

Sc5
n

a
. ~18!

A nonuniform Cartesian grid and a collocated arrangem
for all of the variables is used29 on a 1283128 grid.

The boundary conditions for the velocity are no-slip
all of the walls. In addition, no mass or heat flux is allow
at the walls. The lid velocity (U lid) is constant and the initia
velocity is zero in the cavity.30 The velocity fields are ob-
tained using the finite volume~FV! approach, the details o
which are given in Hortmannet al.29 and Ferziger and
Perić.31

The density transport equation is discretized using a
nite difference~FD! approach and solved using an appro
mate factorization scheme. We apply the Crank–Nicols
method for time advancement and second order central
ferencing in space. The scheme is unconditionally stable,
large time steps may produce oscillations so we use a t
step of O(1022). The initial density field is a two-layer
stratified flow with the density profile

r~z!5 r̄1
Dr

2

erf~~16p!1/2~z2z1/2!!

erf~~2p!1/2!
, ~19!

wherez1/2 is the vertical midpoint andr̄ is the mean density
Typical density contours are shown in Fig. 4 for Re52
3103 and Sc50.5.

B. Energy budgets

We apply the pdf method to the lid-driven cavity flow
Figure 5 shows the evolution of the total potential ener
IP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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FIG. 4. Density contours for lid-
driven simulation at Re523103, Sc
50.5. ~a! t/Tc50, ~b! t/Tc58, ~c!
t/Tc524, ~d! t/Tc548.
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reference potential energy, and available potential energy
Re513103 and 23103; Sc51 in both cases. As expecte
the available potential energy is larger in the higher R
nolds number case due to more energetic stirring. The A
and TPE are almost equal at small times (t/Tc,7 for Re
513103 and t/Tc,10 for Re523103) because there ha
not been enough time for mixing to occur. In the final stea
state, most of the potential energy is in the form of RPE, i
the fluid is almost completely mixed.

FIG. 5. Time evolution of the TPE, RPE, and APE for Sc51. ~a! Re51
3103, ~b! Re523103.
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The pdfs of the initial and evolved states for Re52
3103 are shown in Fig. 2~a!. The reference potential energ
statesZr(r) are shown in Fig. 2~b!.

Winters et al.3 derived the dynamic equations for tot
potential energy and reference potential energy for a Bou
inesq fluid. The former is

d

dt
TPE52E E

S
gx3ruini ds1aE E

S
gz

]r

]xi
ni ds

1E E
V
E gru3 dV2aE E

A
g~ru2rb!dA,

~20!

whereru andrb are the density on the top and bottom su
faces, respectively. The first term represents the contribu
of the convective flux at the boundaries of the domain. T
second term is due to the diffusive mass flux at the bound
Both of these are zero in the cavity flow. The third term
the exchange between kinetic energy and potential ene
due to the buoyancy flux~a reversible process!. The fourth
term is the rate of potential energy increase due to diapyc
mixing.

The evolution of reference potential energy is govern
by
IP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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1287Phys. Fluids, Vol. 13, No. 5, May 2001 Mixing and available potential energy
d

dt
RPE52E E

S
gS Er

Z* ~r8!dr8 Duini ds

1aE E
S
gZ*

]r

]xi
ni ds1aE E

V
E gS 2

dZ*
dr D

3U ]r

]xi
U2

dV, ~21!

Z is the reference state defined in Ref. 11. Since]Z /]xi

FIG. 6. The instantaneous rate of energy exchange.~a! Sc51, Re51
3103 and ~b! Sc51, Re523103.
* *

Downloaded 08 Sep 2003 to 171.64.54.190. Redistribution subject to A
5(dZ* /dr) (]r/]xi), the third term can be expressed in term
of 2dZ* /dr. The first two terms, which are the contribu
tions of convective and diffusive transfer across the bou
ary, are zero in the cavity flow. The third term represents
rate of increase of the potential energy in the reference s
due to mixing and is positive definite. An evolution equati
for the pdf could also be derived. However, the resulti
equation involves the time derivative of~6!, leading to the
occurrence of a conditional velocity at the boundary so
joint-pdf approach is needed to obtain a dynamic equa
for the RPE. This will make the computation costly.32

The rate of change of the available potential energy
governed by

d

dt
Ea5

d

dt
TPE2

d

dt
RPE5E E

V
E gru3 dV

1aE E
A
g~rb2ru! ds2aE E

V
E gS 2

dzr

dr D
3U ]r

]xi
U2

dV5FB1F I2FD , ~22!

where the diapycnal mixing FD5a**V*g
(2 dzr /dr)u ]r/]xi u2 dV is always positive.F I is the sec-
ond term of ~22! and is the rate of conversion of kineti
energy to potential energy.3,28 The contributions of the in-
stantaneous rate of diapycnal mixingFD , vertical buoyancy
flux (FB), and internal energy (F I) to the APE are shown in
Fig. 6. Before the densities at the top and the bottom begi
change, the contribution from diapycnal mixing (F I) is con-
s

:

FIG. 7. Comparison of length scale
LS , LT , LT 3D , and LT max at ~a! Sc
50.5, Re513103, ~b! Sc52, Re51
3103, ~c! Sc50.5, Re52.53103, and
~d! Sc52, Re52.53103. LT max is the
maximum Thorpe displacement ( –
LS ; – – : LT ; •••: LT 3D ; •– : LT max).
IP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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FIG. 8. The length scale ratio
LS /LT 3D ~a! andLT /LT 3D ~b!, versus
time. – – : Sc52, Re513103; •– :
Sc50.5, Re52.53103; – : Sc52, Re
52.53103.
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stant @for t/Tc<7 in Fig. 6~a!, t/Tc<9 in Fig. 6~b!#. The
exchange between kinetic energy and TPE,FB , varies con-
siderably. It is of the same magnitude asFD initially and
decreases as the flow evolves.

The diapycnal mixing rate,FD , also increases substan
tially as expected@ t/Tc50;13 in Fig. 6~a!, t/Tc50;17 in
Fig. 6~b!#. After some time, the buoyancy flux is nearly ze
due to the disappearance of density fluctuations. Howe
diapycnal mixing continues and the RPE increases at
times.

C. Length scale and mixing efficiency in lid-driven
cavity flow

Figure 7 compares the length scalesLS , LT , LT 3D , and
LT max for various Schmidt and Reynolds numbers. T
Thorpe scales (LT andLT 3D) are defined in Sec. I andLT max

is the instantaneous maximum ofLT . LS has a maximum a
the same time asLT . The higher Reynolds number cas
@Figs. 7~c! and 7~d!# have larger fluctuations of the lengt
scales due to more energetic stirring.LS is larger at high
Reynolds number@Figs. 7~c! and 7~d!# than at low Reynolds
number@Figs. 7~a! and 7~b!#, particularly at the first maxi-

FIG. 9. The maximum Thorpe and stirring length scales versus Re at
ous Schmidt numbers. The upper bold lines denote maximum Thorpe s
and the lower lines denote the maximum stirring length scales. The lo
solid line has a slope of 1/4.
Downloaded 08 Sep 2003 to 171.64.54.190. Redistribution subject to A
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mum while the Thorpe scalesLT andLT 3D , do not change
appreciably with Re.LT and LT 3D are nearly equal in this
flow as shown in Fig. 7.

LS increases slightly with Schmidt number@Fig. 8~a!#.
Since a smaller diffusivity cannot smooth out density diffe
ences as effectively, stronger density fluctuations occu
high Sc, i.e., there is more stirring. This is reflected inLS but
not in LT . This does not necessarily imply higher mixin
efficiency. The effect of molecular diffusion on mixing effi
ciency is discussed below.

Because it is density weighted,LS quantifies stirring
more reliably thanLT or LT 3D . The length scale ratio
LS /LT 3D in Fig. 8~a! shows that there is more energetic st
ring occurs at high Re and Sc. Figure 8~b! shows that the
ratio of LT /LT 3D is very close to unity except during th
initial transient. The deviation early on occurs becauseLT is
a measure of overturning whileLT 3D a better measure o
stirring.14

The dependence of the maxima ofLS and LT 3D on Re
and Sc is presented in Figs. 9 and 10. Figure 9 shows tha
maximum ofLS ~lower lines! is roughly proportional to Re1/4

but the maximum ofLT 3D ~upper lines! is almost indepen-

ri-
les
st

FIG. 10. The maximum Thorpe and stirring length scales versus Sc at
ous Reynolds numbers. The upper bold lines denote maximum Th
scales and the lower lines denote the maximum stirring length scales.
lowest solid line indicates slope 1/6.
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FIG. 11. The evolution of mixing ef-
ficiency for various values of Sc ( – :
Sc50.1; – – : Sc50.5; •••: Sc51;
•– : Sc52) at Re52.53103 ~a! and
different values of Re ( – : Re51
3103; – – : Re523103; •••: Re54
3103; •– : Re553103) at Sc51. ~b!
The maximum mixing efficiency oc-
curs immediately after the maximum
overturns.
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dent of Re. The behavior ofLS results from the greater avai
able potential energy at high Re. The maximum ofLS is
approximately proportional to Sc1/6. We do not want to over-
emphasize the significance of these results as they are
laminar flow. However, the results do show thatLS quanti-
fies stirring better thanLT 3D . Note thatLS is uniquely de-
fined, as isLT 3D , while the conventional Thorpe scaleLT

may depend on the sampled locations.
Mixing in stratified flows is usually quantified by th

down-gradient buoyancy flux. The mixing efficiency,h, is
defined as the ratio of buoyancy flux to the energy availa
for mixing.6,9 However, during transients or in the presen
of counter-gradient fluxes, the mixing efficiency is better d
fined in terms of the irreversible mixing rate,3 i.e., the por-
tion of kinetic energy used to alter the reference poten
energy. Thus the mixing efficiency is

h5
DRPE

DKE
, ~23!

whereDRPE is the change in the reference potential ene
andDKE is the kinetic energy input due to the top lid and
obtained by integrating the product of shear stress and
velocity on the top. This definition gives a time-depende
mixing efficiency that satisfies 0<h<1.

The effects of Schmidt and Reynolds numbers on
mixing efficiency in lid-driven cavity flow are demonstrate
in Figs. 11~a! and 11~b!. Figure 11~a! shows the mixing ef-
ficiency for different values of Sc at Re52.53103. The
maximum mixing efficiencyhM increases as Sc decreases;
fact, hM;Sc21/2 ~Fig. 12! as suggested by the followin
scaling analysis. For an individual fluid parcel, the mixi
efficiency can be defined as the ratio of the mixed fluid v
ume to total volume. The mixed fluid volume changes due
diffusion. The mixing efficiency should be proportional
l /D wherel is the diffusion length scale@ l'(at)1/2# andD
is the dimension of the parcel. Therefore, the mixing e
ciency is proportional to the square root of molecular dif
sivity a (Sc21/2). These results are consistent with previo
studies of low Reynolds number flow.1,20 In the lid-driven
cavity, the maximum mixing efficiency occurs just after t
vertical length scales (LS ,LT ,LT 3D) reach their maxima.

The effect of Reynolds number on the mixing efficien
is illustrated in Fig. 11~b!. Figure 11~b! shows results for
different values of Re at Sc51. The maximum mixing effi-
Downloaded 08 Sep 2003 to 171.64.54.190. Redistribution subject to A
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ciency does not depend significantly on Re. However,
Reynolds number does affect the mixing efficiency at lon
times. Higher Re implies greater stirring and generation o
stronger vortex. The stronger vortex induces more mix
and the mixing event lasts longer@Fig. 11~b!#.

IV. APPLICATION TO 3D STRATIFIED TURBULENCE

Homogeneous turbulence subjected to shear and str
cation is the simplest flow in which most of the major ph
nomena found in geophysical turbulence occur. Thus,
apply the pdf approach to calculate its APE and compare
stirring scale (LS) with other length scales.

A. Homogeneous sheared turbulence

There have been many studies of homogeneous strat
turbulence.1,33–36 Rohr et al.34 conducted laboratory experi
ments on this flow and found a stationary Richardson nu
ber Ris'0.25. The turbulent energy grows when Ri,Ris
~weak stratification! and decays when Ri.Ris ~strong strati-
fication!. As expected, Ri measures the relative effect
shear and buoyancy. The length scalesLO , LE , andLT are
highly correlated with the turbulence intensity in homog
neous sheared turbulence.2,34

FIG. 12. Maximum mixing efficiency versus Sc at various Reynolds nu
bers. The solid line has slope21/2.
IP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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Holt et al.1 demonstrated the existence of a station
Richardson number using direct numerical simulation, g
its dependence on Reynolds number, and suggested th
value is independent of the initial dimensionless shear
and increases with increasing Re. Piccirillo and Van Att35

investigated the turbulence evolution in a homogene
stratified shear flow using a thermally stratified wind tunn
and found a decrease of Ris with increasing grid size and
thus increasing Reynolds number. Jacobitzet al.36 performed
numerical investigations to explain the apparently differ
dependence of Ris on the Reynolds number and propos
that in sheared and stratified homogeneous turbulence
stationary Richardson number depends on both the Reyn
number and the initial dimensionless shear rate of the fl
Finally, a series of direct numerical simulations were p
formed by Shihet al.37 over a range of initial Reynolds num
bers ~Re! and dimensionless shear rates (S* ). They found
that the final shear rateS* '11 does not depend on initia
shear rate at high Re and varies at low Re, in agreement
the results of Jacobitzet al.36 Also, the dependence on Re
better correlated using a turbulent Froude number.6,9,37

B. Numerical simulations

In this study, we investigate the energy budgets a
length scales in homogeneous stably stratified turbu
flow.1,37 The governing equations are the same as those
lid-driven cavity flow @Eqs. ~14!, ~15!, and ~16!#. However,
the density isr5 r̄1r8 ( r̄5r01Srx3), wherer̄ is the mean
density andr8 is the fluctuating density. The mean density
composed of a constant reference densityr0 and a specified
mean density gradient (Sr is a constant!, x3 is the vertical
coordinate. The velocity is decomposed as

ui5Uī1ui8 , ~24!

whereUī is the mean velocity andui8 is the fluctuating ve-
locity. The mean velocity Uī5(Sx3,0,0), where S
5dU1 /dx3 is the specified mean shear rate. The microsc
Reynolds number is

Rel5
ql11;1

n
, ~25!

wherel11;1 is the Taylor microscale (l i j ;k5ui8/uj ,k8 , where
primes denotes root mean square quantities1! and q is the
root mean square velocity.

The strength of the stratification is indicated by the g
dient Richardson number

Ri5
N2

S2
5

2~g/r0!Sr

S2
, ~26!

where N5@2 (g/ r̄) (]r̄/]z)#1/2 is the Brunt–Va¨isälä fre-
quency. Ri is constant in each simulation. Other parame
are identical to those used previously. The gravitational
celeration is (g5980.7 cm/s2) and reference density (r0

51.006 g/cm3) are not varied in this study.
The code solves for the three-dimensional velocity a

density fields using second order Runge–Kutta time
vancement and periodic boundary conditions for all of
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turbulent quantities. The scheme is based on the pseudos
tral method developed by Rogalloet al.38 A 1283128
3128 grid is used in this study and the stretching fact
b150.63 andb25b351.26 are used to map the physic
domain onto a cubic box of length 2p, which allows for the
shear-induced growth of the integral scales in the streamw
direction.38 Details of the numerical method are given
Holt et al.1 and Shihet al.37 Aliasing error is avoided by
using masking and random phase shifting.38 This method
results in a residual aliasing error of the same order as
error due to the time advancement scheme.

The initial energy spectrum is ak2-exponential
spectrum:37

E~k!5CS k

kp
D 2

e22k/kp, ~27!

whereC is a constant andkp is the wave number at the pea
of the spectrum. Shihet al.37 showed that the results ob
tained with this initial spectrum are very similar to tho
obtained by Jacobitzet al.36

We shall investigate the effects of the Richardson, R
nolds, and Schmidt numbers. A reference case~case fc! is
chosen; it is a stationary turbulence run of Shihet al.37 with
Ri50.16, Rel589.4, Sc50.72 and will be compared with
other simulations. Shihet al.37 suggested that the initia
shear rate is significant at low Reynolds number. In orde
include the influence of initial shear rate, the initial dime
sionless shear rate,S* 5Sq2/e, is 4 except in two low Rey-
nolds number runs. The parameters of these simulations
summarized in Table II.

C. Characterization of the state of the turbulence and
turbulent length scales

Active turbulence occurs at low Ri and is a state
which buoyancy forces are weak compared to inertial for
and do no prevent overturning and mixing. At high Ri, tu
bulence is suppressed by buoyancy on all scales. We
interested in the behavior of the stirring scaleLS and its
comparison with other length scales in these flows.

It is well known that for Ri,Ris , LO , LE , andLT grow
when the flow is fully developed. Buoyancy controls th
growth of the largest turbulent eddies. Active turbulence
ists at the large scales.1 For Ri.Ris , LO , LE , and LT de-
crease as buoyancy suppresses the turbulent eddies. Cou
gradient fluxes may appear and internal waves becom
significant component of the flow. Comparisons of the s
ring, Thorpe, and Ellison scales are shown in Figs. 13 a
14. LS , LE , andLT 3D are all affected by internal waves.

TABLE II. Parameters of 3D homogeneous shear turbulence simulatio

Cases bl fc~stat.! bp px pk gc gk fx fy

Ri 0.04 0.16 1.00 0.16 0.16 0.16 0.16 0.16 0
Rel,initial 89.4 89.4 89.4 22.4 22.4 44.7 44.7 89.4 89
Sc 0.72 0.72 0.72 0.72 0.72 0.72 0.72 0.1 4
S* 4 4 4 4 8 4 8 4 4
IP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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FIG. 13. Comparison of stirring scale
(LS) and the Thorpe scales@LT ~a! and
LT 3D ~b!#. The solid line has slope
unity.
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Figure 13 compares the stirring and Thorpe scalesLT

and LT 3D). The scales are linearly related except at h
Richardson number (Ri51) and low Reynolds numbe
(Rel522). In the former case, internal wave motions co
tribute significantly to available potential energy, but do n
affect LT . Similarly, the Ellison (LE) and Thorpe scales ar
closely related.2 A high correlation betweenLT 3D and LE

was observed in a Kelvin–Helmholtz instability simulatio
@compare Figs. 9~b! and 10~a! of Smyth and Moum
~2000!14#. The correlation is easily demonstrated for a sin
overturning particle, but it is more difficult to explain in tw
and three dimensions. It is interesting to note thatLS is pro-
portional toLT 3D , probably because the density fluctuatio
are the same~in a statistical sense! everywhere in the flow.
Strong shear reduces both the stirring and Thorpe scale
low Reynolds number. The shear rate does not have a
nificant effect on the length scales.

The comparison ofLS andLE is shown in Fig. 14.LS is
linearly correlated withLE in all cases. That this should b
so for homogeneous turbulence can be demonstrated as
lows. Consider a particle whose density is greater than
reference density at its vertical position bydr. Then (z
2Z* ) can be approximated by (]Z* /]r)dr. The fluctuat-
ing available potential energy~FAPE! is the volume integral
of r8g(z2Z* ) for the whole domain (r8 is the density fluc-
tuation! and can be related toLE by

FAPE5E
V
r8g~z2Z* !dV

'E
V
r8gS ]Z*

]r
dr DdV5E

V
g

~r8!2

]r̄/]z
dV

'gVr rmsLE , ~28!

which shows that the fluctuating available potential energ
proportional toLE andr rms. SinceLS5A2FAPE/r0VN2, it
is easy to show that the stirring scaleLS is proportional to
Ar8LE /(]r̄/]z)5LE .

This result can also be explained by considering
available potential energy at a particular point in homo
neous turbulence. The FAPE can be correlated toLE , i.e.,
FAPE51/2r̄N2LE

2 ~Refs. 1 and 39! so LE is proportional to
local AFAPE/N2. This indicates thatLE is a direct measure
of fluctuating available potential energy.2,33,39,40 However,
Downloaded 08 Sep 2003 to 171.64.54.190. Redistribution subject to A
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LE is a local quantity and may not be easy to compute ac
rately. On the other hand, the stirring scale (LS) is a global
quantity and is easily computed if the density field is know
Thus,LS is a better indicator of the overall state of the flo
thanLE . As already noted,LS can be regarded as a densi
fluctuation weighted generalization of the Thorpe scale a
is more similar to the 3D Thorpe scale than to the Ellis
scale in many turbulent flows.

LS can also be correlated withe/nN2, a parameter often
used in oceanic research to describe the state of
turbulence.40,2 There is some disagreement as to the phys
interpretation of this quantity. Some researchers refer to i
a buoyancy-based Reynolds number2,14 while others refer to
it as a small scale Froude number8,9 and still others conside
it a mixed parameter.40 We believe that, because it contain
both the viscosity and the buoyancy frequency, the last
terpretation is to be preferred.

Active turbulence is supposed to be present only wh
e/nN2 exceeds a certain critical value ('20). We show the
ratio LS /LI vs e/nN2 in Fig. 15, whereLI is the integral
scale of the turbulence and is defined as the average o
diagonal integral scales; i.e., LI5I i i ,k/3, I i j ;k

5*(ui(xm)uj (xm1r k))drk /(uiuj ). All of the data lie in the
active turbulence region~buoyancy-affected turbulence! ex-

FIG. 14. Comparison of stirring scale (LS) and Ellison scale (LE). The solid
line has slope unity.
IP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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cept those from the high Ri and low Re simulations in wh
the turbulence undergoes a transition from active to bu
ancy dominated. Turbulence is completely suppressed in
high Ri simulation andLS decays. Thus,LS andLI are com-
parable in the active turbulence region. In the transition fr
active to buoyancy-dominated turbulence there is an inter
diate region in which there is a mix of active and fos
turbulence. The region was called buoyancy-controlled
Itsweireet al.2 and, in it, the turbulence is not in equilibrium
in fact it decays. The onset of buoyancy control occurs
e/nN2'60 according to Fig. 15. We thus see that the len
scale (LS) can be used as an indicator of the state of
turbulence. Finally, we note thatLS does not change signifi
cantly in stationary turbulence (Ri5Ris) and increases
slightly as Sc increases~Fig. 15!.

Figure 16 shows the ratios ofLS /LB and LS /LO vs
e/nN2. The trends are similar sinceLB andLO are very close
except in cases in which internal waves dominate so they
be used interchangeably as long as the turbulence is ac
LS andLB are roughly equal whene/nN2,100 at high Rey-
nolds number, as has been shown in laboratory experim
and ocean measurements.40 SinceLB represents the rms ver
tical distance that a particle with the rms kinetic energy c
travel, it also is an indicator of the vertical kinetic energy

FIG. 15. The ratio of stirring and integral scales (LS /LI) vs e/nN2. The
solid line marks the onset of active and fossil turbulence.
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the turbulence.39 On the other hand,LS measures the avail
able potential energy. Thus,LB must be large beforeLS can
grow. Physically, kinetic energy is converted into potent
energy untilLS andLB are comparable. This point is referre
to as a buoyancy-inertia transition by Gibson41 and
Yamazaki.40 In low Re simulations,LS departs fromLB at
smalle/nN2 ~the critical value ofe/nN2 is around 20 and 10
for Re544 and 22, respectively!. The departures mark th
beginning of buoyancy-controlled turbulence. The parame
e/nN2 reflects the influence of Reynolds number and is th
a good correlation parameter~Fig. 16!.

V. DISCUSSION AND CONCLUSIONS

In this study, we investigated energy budgets and mix
through the analysis of available potential energy. A pro
ability density function approach was introduced and used
efficiently calculate the available potential energy. The p
method is equally well suited for numerical and experimen
determination of the APE and is more efficient than sort
methods. We also proposed a new length scale (LS) that is a
generalized density-fluctuation weighted Thorpe scale. T
length scale has a clear physical interpretation and is a
able parameter for gauging the strength of stirring. It is e
to obtain once the reference potential energy has been c
puted.

Lid-driven cavity flow and homogeneous sheared turb
lence were used to illustrate the proposed method. More
ring occurs as Re increases but molecular diffusivity h
little effect on it. The effect of Re onLS is more significant
than the effect of Sc, but the latter has a strong influence
mixing. Thus, Sc affects the mixing efficiency more than t
Reynolds number does. The maximum mixing efficiency
proportional to Sc21/2 in lid-driven cavity flow. The depen-
dence on Re is mainly due to the enhancement of stirrin

In homogeneous sheared turbulence, the Richardson
Reynolds numbers are the important parameters. Highe
and lower Re reduce the stirring scale. As Sc increasesLS

increases. However, the effect is not as significant as it i
the lid-driven cavity flow. The new length scale (LS) exhib-
its the same behavior as the Ellison and 3D Thorpe scales
is superior to those scales for characterizing the turbu
eddies because it is weighted with the density fluctuations
addition, it is affected by internal waves and is a global m
FIG. 16. ~a! The ratio of stirring scale
to buoyancy scale (LS /LB) vs e/nN2.
~b! The ratio of stirring scale to Ozmi-
dov scale (LS /LO) vs e/nN2.
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sure of stirring rather than a local one likeLE . This length
scale also provides a criterion for determining the state
turbulence. Comparison of these length scales in inhomo
neous flows is an interesting topic for further study.
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