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Experiments on mixing due to internal solitary waves
breaking on uniform slopes

H. Michallet! and G. N. Ivey

Centre for Water Research, University of Western Australia, Nedlands, Western Australia

Abstract. The shoaling and breaking of an internal solitary wave of depression
on a uniform slope were studied experimentally. The waves were generated with
as large an amplitude as possible while minimizing mixing at the generation
site, thus maximizing the amount of energy propagating onto the slope in the
experiment. Various bottom slopes, fluid layer thickness ratios, and density
ratios were investigated. The mechanism leading to breaking was examined with
flow visualization and particle image velocimetry. Since the layer thickness ratio
primarily controls the length (Lw ) of the solitary wave (for a given amplitude
a), it is found that the ratio of Ly and the characteristic length of the slope Lg
determines the amount of energy reflected from the slope. The mixing efficiency of
the breaking event, defined as the ratio of the increase of potential energy divided
by the amount of wave energy lost at the slope, peaks at a maximum of 25% when
Lw/Ls = 0.5, with a decrease in efficiency for points on either side of this peak

value.

1. Introduction

Long internal waves, primarily generated by tides in
the ocean, propagate on the thermocline into the conti-
nental margins and coastal zones [Ostrovsky and Stepa-
nyants, 1989; Lamb, 1994]. In lakes, such waves are gen-
erated in response to strong wind events [e.g., Stevens et
al., 1996] and are an important means of energy trans-
fer from large scales down to small [e.g., Saggio and
Imberger, 1998]. Michallet and Barthélemy [1998] dis-
cussed the existence of solitary internal waves charac-
terized in terms of their amplitudes and of the depth of
the thermocline. One can define a large wave when its
crest, or trough, is close to the critical level, located at
approximately middepth. While the dynamics of such
large-amplitudes waves is well known when they prop-
agate in a fluid of constant depth, the dynamics when
they propagate into shelving and shoaling regions re-
mains poorly understood. The mechanisms of breaking
of internal waves on sloping boundaries and the result-
ing localized mixing are important in understanding the
transport of sediments, nutrients, and other chemical or
biological elements in stratified bodies [Imberger, 1998].

Numerous studies have been carried out on the break-
ing of periodic internal waves on sloping bottoms [e.g.,
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Wallace and Wilkinson, 1988; Ivey and Nokes, 1989;
Taylor, 1993; De Silva et al., 1997], while compara-
tively few studies have examined solitary waves. Kao et
al. [1985] performed laboratory experiments to examine
the propagation of internal solitary waves on a slope and
shelf geometry. In runs where the amplitude of the wave
was sufficiently large, they noticed breaking. The back
side of the wave became unstable to an apparent shear
instability, and turbulent mixing occurred. Wessels and
Hutter [1996] experimentally studied the interaction of
long internal waves with a sill and the energy loss caused
by the interaction. In all their experiments the horizon-
tal extent of the sill was fixed and of the same order as
the characteristic length of the wave. They showed that
the ratio of the height of the sill to the thickness of the
lower layer was the parameter controlling the amount
of transmitted and reflected energy.

Helfrich [1992] performed laboratory experiments to
observe the interaction of a solitary wave of depression
with a sloping bottom. He described the fission of the
incoming wave of depression into several solitary-like
waves of elevation (or boluses) and the subsequent evo-
lution of the boluses on the slope. The incoming solitary
waves were all of relatively small amplitude, compared
with those studied by Michallet and Barthelemy [1998],
for example, and the slope was small (o < 4°). Only
one configuration of layer thickness ratio was consid-
ered by Helfrich [1992]. He estimated that the energy
of the reflected waves was less than 25% of the incident
wave energy and that somewhere between 5% and 25%
of the available energy was converted by vertical mixing
to an irreversible increase in potential energy. Helfrich
was unable to discern any dependence of the mixing ef-
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Figure 1. Schematic diagram and notation. “C” and “US” stand for conductivity and ultrasonic
probes. “G” is the gate-type wave-generator. Shown on the left is an initial condition, and in
the middle is shown the solitary wave resulting from the removal of the gate.

ficiency on external parameters, such as length of the
wave or slope angle, but his observed range of mixing
efficiencies was consistent with values obtained by Ivey
and Nokes [1989] in their study of critical internal peri-
odic waves intersecting the sloping bottom in a contin-
uously stratified fluid.

The aim of the present study is thus to determine
the amount of energy in the incident wave that is either
reflected from the slope or lost to mixing and how this
distribution of input energy varies with the experimen-
tal parameters: the slope, the layer thickness ratio, and
the density ratio. We extend earlier work by considering
for the first time waves of large amplitude and also by
considering the effect of varying the bottom slope up to
steep slopes with angles of 12°. The paper is organized
in the following manner: The experimental facility is
described in section 2. Section 3 is devoted to a de-
scription of the shoaling/breaking event. We examine
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Figure 2. Density profiles, experiment 7. Solid line
shows initial stratification; dashed line indicates after
three runs; and dashed-dotted line indicates after five
more runs.

the amount of energy reflected from the slope after wave
breaking in section 4. In section 5 the mixing efficiency
is estimated, and we conclude in section 6 by comparing
the experimental conditions with field observations.

2. Experimental Facility

The experimental setup is represented schematically
in Figure 1. The Perspex and metal frame flume had
a width of 25 cm and a depth of 20 cm. Its length
before the start of the slope was L = 2.3 m. We in-
vestigated three different slopes: s = 0.069, 0.169, and
0.214 (angles of 4°, 9°6, and 12°1). In operation, the
flume was filled with fresh water to a desired depth,
and then a brine solution was slowly injected beneath
the lighter fresh water until the total water depth was
H = 15 cm. The layer thickness ratio was varied in
the range 0.60 < h/H < 0.91, where the depth scale
h is the distance separating the midhalocline from the
bottom (see Figure 1). The thickness of the halocline
between the two layers was approximately 1-2 cm at the
start of the experiments and tended to become larger
after each run, as determined from density profiles (e.g.,
Figure 2). The density ratio (p2/p1) ranged from 1.012
to 1.044.

Density profiles were obtained by traversing a (Preci-
sion Measurement Equipment) four-electrode microcon-
ductivity probe over the depth and converting conduc-
tivity to density by calibration against an Anton Paar
digital densimeter; the overall resolution is better than
0.1 kg/m? (see also section 5). Profiles were taken when
the fluid was quiescent, at a vertical traverse speed of
2 cm/s while sampling at 50 Hz. The procedure was
then to repeat a given release experiment or run several
times (at least three) for the same wave (i.e., the same
initial condition) so that the increase of potential energy
was large enough to be estimated with good precision
(see section 5). Some of the experiments were divided
into two set of runs, and the increase in potential energy
was estimated after each set. A complete summary of
all the experimental conditions is provided in Table 1.
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Table 1. Summary of Experimental Conditions
Number a, Lw, C, Eo,
Experiment of Runs Symbol s p2/pr h/H cm cm  cm/s J/m
1 6 right-pointing triangles () 1.039 0.66 2.2 54 10.6 0.052
2 8 left-pointing triangles 00 1.040 0.82 2.9 26 10.3 0.046
3 3-6 open circles 0.069 1.020 0.65 15-22 54 7.9  0.017 - 0.033
4 7 open circles 0.069 1.020 0.78 3.0 30 7.7 0.045
5 6 solid circles 0.069 1.040 0.70 2.0 32 10.3 0.041
6 5 solid circles 0.069 1.039 0.90 2.4 15 9.8 0.026
7 3-5 solid squares 0.169 1.040 0.67 2.0 46 10.7 0.045
8 3-3 solid squares 0.169 1.040 0.83 2.8 24 10.2  0.054 — 0.052
9 3 solid squares 0.169 1.040 0.91 3.0 17 9.8 0.032
10 4-4 open diamonds 0.214 1.013 0.63 2.2 52 6.1 0.018
11 4-6 open diamonds 0214 1.013 071 19-25 40 6.0 0.010 -0.018
12 4-6 open diamonds 0.214 1.012 084 25-31 24 56  0.010 - 0.015
13 4-4 solid diamonds 0.214 1.044 060 1.6-2.0 56 10.8  0.037 - 0.056
14 5-6 solid diamonds 0.214 1.046 067 19-22 46 11.0  0.043 - 0.060
15 5 solid diamonds 0.214 1.047 0.77 2.7 32 10.8 0.067
16 4 solid diamonds 0.214 1.048 0.80 2.8 30 10.6 0.066

Here s = H/Ls is the slope, p2 and p: are the lower and upper densities, and h and H are the interface and surface
levels at rest (H = 15 cm for all experiments). The wave amplitude a, the wave length Lw (equation (1)), the phase
velocity C, and the energy Eo (equation (2)) are averaged values (over a same set of runs) estimated at the base of the

slope.

The procedure to generate a solitary wave was as
follows. A watertight, manually movable gate was lo-
cated near the upstream end of the tank (see Fig-
ure 1). Fresh water was pumped with a small pump
from the downstream side of the gate and reintroduced
on the other side, thus lowering the halocline level be-
hind the gate compared with the main part of the
flume. The gate was lifted to initiate a run. The dis-
tance L, between the wall and the gate was adjusted
in order to minimize the production of trailing waves
and ranged from 15 to 30 cm, depending on the thick-
ness ratio. Such a gate-type wavemaker is able to pro-
duce large-amplitude solitary waves while minimizing
the generation of barotropic perturbations [Michallet
and Barthélemy, 1998]. Experience has shown that if
the gate was slightly tilted (relative to the vertical at
an angle 8 ~ 30°), the mixing was minimized when the
wave was formed (the initial volume of released fluid was
thus close to the final wave shape). The distance L,,
the angle 8, and the amount of fresh water transferred
were precisely known, enabling us both to estimate the
amount of energy initially put into the system and to
reproduce the initial wave in different runs.

Ultrasonic probes were used to measure the interface
vertical displacement of the wave propagating along the
density interface. An ultrasonic pulse is emitted from
one piezoelectric ceramic and received by a second iden-
tical sensor 10 cm away. At first order, the speed of
sound is linearly proportional to the density of the fluid
it encounters. The probes provide time series record-
ings of displacements of the isopycnals in the density
interface, under the assumption that all the isopycnals
are symmetrically displaced by the propagating internal

wave. Careful visual observation of the wave when prop-
agating at constant depth indicated that this assump-
tion is acceptable. The minimum measurable displace-
ment is about 0.1 mm. Note that the probing device
was not designed to measure mode-two vertical waves
in the present configuration but the gate-type wave-
maker was designed to generate only first-mode waves,
and indeed no second-mode waves were observed. More-
over, since the propagation speed of mode-two waves is a
lot smaller than for mode-one waves, we were confident
that the probe response was dominated by first-mode
waves. At least two probes at different horizontal lo-
cations were used in order to estimate the wave phase
velocity.

In order to quantify the velocity field, a particle im-
age velocimetry (PIV) technique was used. Particles
were sieved to create a curtain of aluminum particles il-
luminated by a white light sheet about 0.5 cm thick.
Images from a charge-coupled device (CCD) camera
were recorded onto super VHS video tape and digitized
(768 x 572 pixels) after passing through an eight-bit
analog-to-digital (A/D) converter. The velocity field
was calculated with two consecutive frames using a
cross-correlation technique [Stevens and Coates, 1994],
where the time interval between two images was set to
0.08 5. Velocities are resolved with an accuracy of about
0.25 cm/s and the spatial resolution in the flow field is
about 0.1 cm.

3. Description of Wave Breaking

The shoaling of the wave on the slope for a typical
run is shown in Figure 3. The wave is traveling from left
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Figure 3. Sequence of photographs showing the shoaling internal wave (experiment 15; see

Table 1).

to right in the upslope direction. The first frame (Fig-
ure 3a) shows the medium at rest, where dye has been
injected prior to the experiment. The green-dyed fluid
(Q) is slightly heavier than the fresh water in the upper
layer (pg = 1.01x p1), the red dye (R) is of intermediate
density (pr = 1.03 X p;), and the blue dye (B) is of the
density of the lower layer (pp = p2 = 1.047 x p1). At
the early stage, the front side of the incoming wave of
depression becomes parallel to the slope, while the back
side is steepening (Figure 3b). The interface is very thin
at the front but is thickening at the back. Blue dye is
then drawn to the left and away from the slope and then
down (Figure 3c). The first three-dimensional motion
indicative of a growing instability appears at this stage:
Some red dye is observed to be located below heavier
blue dye. Note that the green isopycnal is the less dis-
turbed isopycnal. At the next stage (Figure 3d) the
individual dye layers continue to wrap around one an-
other as the instability grows, until, by Figure 3e, the
individual dye layers have been disrupted and appear
to have formed for the first time a core of mixed fluid.
Note that upslope of this core of mixed fluid or bolus
[Helfrich, 1992] there is only relatively light fluid, while
behind the bolus the green isopycnal elevated in Fig-
ure 3d collapses in Figure 3e and mixes with the denser

isopycnals. The bolus, dragging heavy blue fluid up and
green light fluid down at its back, propagates onshore.
In Figure 3g, its propagation is then similar to a density
current as studied, for example, by Wood and Simpson
[1984]. Note that there still appears to be some active
turbulence in Figure 3f and even Figure 3g, which shows
nearly horizontal striations typical of the decay of tur-
bulent mixing events in stratified fluids [Pearson and
Linden, 1983]. The bolus reaches its maximum run-up
position in the last frame, Figure 3h. The diffusion of
dyes due to mixing is evident in the breaking region,
defined by the distance Ljs separating the position of
appearance of the first instabilities till the point where
the bolus dissipates. Note that Ljs is of the order of
half the total length of the slope Ls.

Velocity fields obtained with the PIV technique are
overlain on the raw pictures, and the resulting images
for two typical runs are shown in Figures 4 and 5. The
particles used were not perfectly uniform in size: The
strong density gradients tended to create sheets and
lines of particle concentrations, and once stretched by
the incoming wave, these lines show roughly the distor-
tion of the isopycnals. A dark line may thus represent
the wave shape, as, for instance, in Figure 4a. The flow
associated with the incoming wave is characterized by a
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Figure 3. (continued)

shear at the interface: a flow up the slope in the upper
layer and down the slope in the lower layer. The first
distortion to this relatively symmetric flow is localized
at the back of the wave, close to the bottom. Indeed.
in Figure 4a, while the velocity field is still character-
ized by velocities down the slope under the wave trough
(bottom right), some upslope velocities are measured
behind the wave (bottom left, for z < 35 cm). These
velocities correspond to the separation of the lower-layer
flow from the bottom, likely induced by an adverse pres-
sure gradient. As the wave shoals, the pressure gradi-
ent is increasing, enhancing the vertical velocities at the
back of the wave. Note that the back of the wave be-
comes potentially unstable (velocity vectors cross the
apparent isopycnals perpendicularly at z ~ 35 cm and
y ~ —4 cm). Heavy fluid is lifted upward into a region
of less dense fluid. This contributes to the creation of
a vortex behind the wave (Figure 4b), which in turn
brings light particles down behind the wave (this stage
corresponds to Figure 3d). The vortex reaches its max-
imum size in Figure 4c, corresponding to the formation
of the bolus as shown in Figure 3e. The velocity field
shown in Figure 5 corresponds to the upslope propaga-
tion of the bolus shown in Figures 3f and 3g. We note
a strong flow up the slope close to the bottom and a
flow offshore in the upper layer, corresponding to the
reflection of the first-mode long wave, and there are

signs of strong turbulent activity at the interface (for
26 < r < 32).

Rather than a shear instability (as suggested by Kao
et al. [1985]), the first sign of breaking seems to be a
gravitational instability, following the separation of the
flow in the lower layer. This was suggested by Wallace
and Wilkinson [1988] to explain the breaking of peri-
odical waves and the formation of similar bolus. This
behavior was also observed for mixing events driven by
wave-wave interactions [Teoh et al., 1997]. Note also
that the main part of the mixing occurs in the lower
layer [Wood and Simpson, 1984]. The process described
above is similar to what is observed for a weaker slope,
except that in the latter case the breaking is less intense
but occurs over a longer distance. Helfrich [1992] has
observed up to 10 boluses, for example, resulting from
the breaking of a solitary wave on a very weak slope
(s = 0.034). An extrapolation of his results suggests
that one or two boluses would emerge for s > 0.169.
For s = 0.214 we observed one main bolus and a com-
plicated wake from which no other boluses seemed to
emerge (see Figures 3g and 3h).

4. Energy Budget

The time series recordings of four different runs are
presented in Figure 6, where in all cases the traces come
from an ultrasonic probe located at some distance from
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Figure 4. Velocity fields overlain on the photographs
of the particle-seeded flow (experiment 12; see Table 1).
The start of the slope is at = 0, and the free surface
is at z = 0. Figures 4b and 4c are taken 1.1 and 2.5 s
after Figure 4a.
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the start of the slope. We have offset the time traces so
that the maximum disturbance of the interface passes
the observer at the same instant and the variations in
steepness of the incoming waves can thus be readily
compared. Each trace shows a similar evolution: some
very small initial perturbations, followed by the large
depression due to the solitary wave itself and then a
lee region with a combination of an oscillatory tail and
some evidence for a shelf region [e.g., Knickerbocker and
Newell, 1980], followed finally at later time by a signal
associated with the portion of the incident wave that is
reflected from the slope and moves past the sensor as
it moves offshore. The small initial perturbations the
sensor as it moves offshore. The small initial pertur-
bations are barotropic disturbances associated with the
removal of the gate and propagate rapidly ahead of the
internal wave, but the remaining portion of the trace is
associated with the internal wave.

The layer thickness ratio h/H determines both the
phase velocity and the steepness of the wave. Experi-
ments 5 and 6 shown in Figure 6a were both performed
for the same bottom slope and density ratio (Table 1).
We note that for experiment 6 in Figure 6a the incom-
ing wave is steep with a relatively narrow pulse, while
the reflected wave, recorded for 90 < ¢t < 120 s, is of
very small amplitude and clearly most of the wave en-
ergy has been dissipated on the slope. On the other
hand, the incoming wave in experiment 5 was not as
steep, with a broader pulse, and the corresponding re-
flected wave, recorded for 50 < ¢t < 90 s, is similar to a
very long wave and there appear to be greater amounts
of energy reflected from the slope than in experiment
6. A steeper bottom slope case is shown in Figure 6b,
and in this case the reflected waves in the two experi-
ments (10 and 12), and hence the reflected energy, are
a lot larger in amplitude than for the experiments in
Figure 6a. The time series record thus suggests that
the amount of energy that is dissipated on the slope
is dependent on the characteristic length scales of both
the incoming wave and the slope.

The time series from the probes provided the wave
characteristics, namely, the amplitude ¢ (i.e., the max-

X {om)

Figure 5. Same as Figure 4, but for experiment 11.
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Figure 6. Time series of the interface displacement. The probe was 40.4 cm (experiments 5 and
6) and 99.8 cm (experiments 10 and 12) away from the start of the slope.

imum displacement of the isopycnals), the wave phase

velocity C, and a characteristic length Ly defined as’

[Koop and Butler, 1981]

1 o
L -
w a/_oo n(z) dz
[3}
n(t) dt.
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The total energy of each long wave is estimated as [e.g.,
Bogucki and Garrett, 1993]
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Figure 7. Decrease of wave energy against the traveled
distance for the wave propagating at constant depth:
four runs of reference experiments 1 (right-pointing tri-
angles) and 2 (left-pointing triangles). One flume length
corresponds to z/H (h/H)? ~ 10.

where 7(t) is the interface displacement, g = 9.81 m/s?,
Ap = pa — p1, and g and t; are estimates such that
1(to) ~ n(t1) =~ 0. For instance, in Figure 6 for experi-
ment 5, tp = 18 s and ¢; = 30 s are chosen to compute
the energy of the incoming wave Ey; to = 47 s and
t; = 90 s are chosen to compute the energy of the wave
after breaking Eg.

Two experiments have been performed without the
slope (experiments 1 and 2). The waves were free to
reflect on the vertical walls at each end of the tank,
and these runs allowed us to estimate the dissipation
of the solitary wave during its propagation in a fluid
of constant depth. Many authors have studied the vis-
cous dissipation of internal solitary waves [e.g., Leone
et al., 1982; Maurer et al., 1996], and it was useful to
experimentally estimate the energy lost in our tank.
In Figure 7 we plot the nondimensional wave energy
against the nondimensional distance weighted by the
layer thickness ratio. This nondimensionalization al-
lows us to plot a single fitted line for the data for two
different thickness ratios for the case when the wave has
traveled less than two flume lengths. We were therefore
able to estimate the energy (and in the same way a
and Lw) at the start of the slope by measuring the
waves farther offshore, where the corresponding record-
ings well differentiate the incoming wave from the re-
flected wave (a similar procedure was used by Wessels
and Hutter [1996]). We note from Figure 7 that in our
experiments, the wave loses approximately 40% of its
initial energy during its first flume-length travel.

The accuracy of the estimates of Fy and Egr depends
on the choice in (2) of ¢y and particularly ¢; accounting
for the energy in the lee of the main depression. We
have computed Ey and Eg for an interval (¢; —to) 10%
longer or smaller than the nominal one (i.e., than the
one which seemed the most appropriate). This test gave
an uncertainty in Eg/Ey of £5% and an uncertainty in
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Figure 8. Rate of energy lost on the slope against char-
acteristic length ratio (see list of symbols in Table 1).

Lw of £3%. In fact, during the experiment, the inter-
face is thickening and thus the waves do not propagate
in exactly the same medium resulting in a slight de-
crease in the phase velocity of the waves. These various
effects conspire, and for the entire experiment we esti-
mate that the overall accuracy of the estimate of Ly is
about 5%, is 8% for incident energy Ejy, and is 10% for
reflected energy Eg.

These accuracies correspond well with the observed
scattering of the data in Figure 8, where we plot the
ratio of reflected to incident energy Egr/E, against
Lw /Lg, the length scale ratio suggested by the obser-
vations described above. The solid circles (for which
p2/p1 > 1.039) are generally less scattered than the
open circles (p2/p1 < 1.020). The closer to 1 the den-
sity ratio is, the smaller the amount of energy initially
involved in the experiment, and the relative errors as-
cribed to the latter circles are therefore slightly larger.
Moreover, we have noted in our experiments a tendency
for the ratio Er/Ey to slightly decrease with the thick-
nening interface from run to run (see, for instance, the
group of open diamonds for 0.3 < Ly /Ls < 0.35 in Fig-
ure 8), but, given the accuracies involved, the main re-
sult from Figure 8 is the progressive increase of Egr/Ep
with Lw /Lg.

In all cases considered in this study, Ly is at least
twice the total depth H (see Table 1). The wave there-
fore has to “adapt” its shape to the new environment
as its leading edge encounters the slope. In the limit
of a very shallow slope, Lg tends toward infinity, and
therefore Lw /Ls tends toward zero. We can expect in
this limit that all the wave energy will be dissipated
by viscous effects before it reaches an eventual break-
ing zone and Egr/E, tends to zero. When Ly /Ls is
increasing, Figure 8 shows that the ratio Eg/Ey ini-
tially increases almost linearly, independent of the den-
sity ratio. Beyond Lw/Lgs ~ 0.5, however, the rate
of increase appears to slow and Eg/Eq asymptotically
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approaches the limiting value of Egr/Ey = 1 expected
for large Lw/Lg (i.e., when Lg tends to zero and the
bottom slope increases to the case of a vertical wall).
We suggest, that above Ly /Lg ~ 0.5 the timescale of
interaction between the wave and the slope starts to
become too short for much energy loss to occur. This
point will be discussed in the next section in light of
the estimations of the increase of the potential energy
of the fluid due to mixing.

5. Mixing Efficiency

A given experiment involved multiple runs, and the
amount of mixing was computed by comparing the ini-
tial and final density profiles obtained from the con-
ductivity probe vertical traverses. Because an entire
experiment could take several hours, any tendency for
drift in the conductivity probes had to be corrected in
order to obtain accurate estimates of the potential en-
ergy changes in the fluid column. Any drift effects were
minimized by checking that the total mass M was con-
served, where M is defined as

0
M=/
-H

where B(z) = L+ Ls (1 + z/H) is the horizontal extent
of the trapezoidal region at a depth z. The typical
accuracy in the calculation of M was +0.01%. The
potential energy was then computed as

0
Ep=/ pgzBdz.
-H

pBdz 3)

(4)

To estimate the accuracy in the estimates of E,, we
proceeded as described below. A typical density pro-
file p(z) was used. Vertical and horizontal drifts were
simulated on the artificially noised profile:

(5)

with ¢; = 0.1 mm (which corresponds to the uncertainty
in the starting position of the profiler), co = 5 kg/m*
(typical of the error we estimate from the mass con-
servation check), and ¢3(z) is a white noise fluctuating
between —0.1 and 0.1 kg/m3 (which corresponds to the
probe resolution). Comparison of E, computed from
the two profiles, one based on p(z) and one based on
p'(z), indicated that the typical error in the calcula-
tion of E, from (4) was £0.001 J/m which represents
from 2% to 30% of the increase of potential energy we
measured in our experiments.

By comparison, Helfrich [1992] made estimates of the
increase in potential energy using a different technique,
one involving dropping a gate above the sloping region
after the incident wave has come through. This prevents
the mixed fluid on the slope from propagating offshore.
In our facility we felt that such a procedure was pos-
sibly a source of additional error due to the slight but
nevertheless significant displacement of the final stable

p'(z) =p(z +c1) +caz+c3(z),
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density profile, relative to the initial profile, that can
occur. A slight modification of the mean interface level
would induce an error in the estimation of the mass
(equation (3)), and consequently in the estimation of
the potential energy (equation (4)). The main draw-
back to not inserting a gate above the sloping region
is that the wave, once reflected by the wall at the gen-
eration side, shoals a second time on the slope. Even
for the strongest slope (s = 0.214), however less than
10% of Egr (the energy left after the breaking event)
is dissipated during the second shoaling event, which
represents less than 7% of E, (see Figure 8). More-
over, the fraction of energy dissipated on the slope by
viscous effects increases as a decreases [Helfrich, 1992].
Therefore the potential contribution to mixing from the
second shoaling event was neglected in our analysis.

Another contribution to mixing could be induced by
the shear of the interface which characterizes the prop-
agation of the solitary wave. If we refer to Bogucki and
Garrett [1993, equation (9)], the two lowest values of the
soliton-induced Richardson number were approximately
0.4 and 0.6 for experiments 9 and 6, where A ~ 1.5 cm
at the beginning of the experiments. These values are
estimated by considering the soliton amplitude at the
early stage of wave propagation. In all cases, their equa-~
tion (13) was not satisfied (i.e., a < a., a. being the
minimum amplitude to lower Ri sufficiently to obtain
soliton-induced shear mixing), except for experiments 9
and 6. Accordingly, we did not estimate the mixing in
these two experiments. For all other runs, critical con-
ditions were never reached because the interface was
too thick, except perhaps during shoaling. The inter-
face is effectively very thin at the front of the wave in
Figure 3b. Again, though, no Kelvin-Helmoltz or shear
instability has been identified when the wave is shoaling
(see section 3). If this occurs, this is probably negligi-
ble in front of the main source of mixing, that is, the
Rayleigh-Taylor or gravitational instability.

The two reference experiments (1 and 2, discussed
in section 3) allowed us to estimate that 0.3-0.4% of
the total energy put into the initial condition goes into
mixing during the generation process, the propagation
of the wave at constant depth, and any eventual diffu-
sive effects (note that diffusivity is acting on a lot larger
timescale than other sources of mixing and is therefore
probably negligible). Correspondingly, about 5% of the
increase of the potential energy is thus due to the re-
moval of the gate and the early stage of the wave forma-
tion, and this part was removed when estimating AE,.

We first plot AE, nondimensionalized by Ey against
Lw/Lg in Figure 9, which clearly shows a peak in
AE,/FEq near Lw /Ls ~ 0.4, with smaller values of the
energy ratio above and below this point. When Ly /Lg
is small, viscous effects are relatively strong as the waves
propagate up the slope, and the shoaling and breaking
of the wave are relatively inefficient in terms of mixing.
For 0.3 < Lw/Ls < 0.5, a larger part of the incoming
energy Ey is transferred into an increase of the poten-
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Figure 9. Increase of the potential energy over the
incoming wave energy against characteristic length ratio
(see list of symbols in Table 1).

tial energy of the system. However, for Lw/Lg > 0.5
the trend is clearly that AE, decreases with increasing
Lw/Ls. We suggest in this case that the interaction
time of the wave with the slope is not long enough for
the instabilities to develop completely. Indeed, in the
limit of a vertical wall (Lg goes to zero or Ly /Lg goes
large), we observed no instability at all.

We then compute the mixing efficiency, defined as

AE,

Ry = B, —En (6)
_ AE,/E
By = 1z Er/Eo ()

Ry is plotted against Lw /Ls in Figure 10. The varia-
tion of mixing efficiency observed in Figure 10 can thus
readily be understood in terms of the behaviors plot-
ted in Figure 9, which represents the numerator of (7),
and in Figure 8 which is the parameter occurring in
the denominator of (7). Error bars are plotted in Fig-
ure 10 estimating an accuracy of 10% in the difference
(Eo — ER) (corresponding to the scattering of the data
in Figure 8) and an error of 0.001 J/m in AE, (see
above). Indeed, the increase of potential energy is very
small even after several breaking events, and the un-
certainty in Er decreases the accuracy of Ry compared
with the accuracy of AE,/Ey. The relative accuracy in
Ry is therefore about 30%.

The mixing induced by a breaking internal solitary
wave is qualitatively very different from the mixing in-
duced by periodical waves, as studied by Ivey and Nokes
[1989], for instance. In their case the turbulence gen-
erated after several wave periods may be considered lo-
cally homogeneous and isotropic, which allows the use
of turbulent Reynolds or Froude numbers. In our case
the breaking event is very localized in time and space
and is best described by the length scale ratio Ly /Lg.
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Figure 10. Mixing efficiency against characteristic
length ratio (see list of symbols in Table 1).

If the slope is very gentle (Lw /Ls — 0), the wave prop-
agation over the slope approaches that of a wave in fluid
of constant depth, viscous losses dominate, the reflected
energy naturally tends to zero, and little energy is con-
verted to an increase in potential energy due to mix-
ing. On the other hand, when the slope is very steep
"(Lw/Ls = o), the wave/slope interaction occurs on
a very short timescale, the ratio Eg/Eo goes to 1, and
again, little energy is converted to an increase in po-
tential energy due to mixing. There is an intermediate
value of Lw/Lg ~ 0.5, where the gravitational insta-
bilities fully develop and the mixing efficiency peaks at
a maximum of 25%.

6. Discussion and Conclusions

It is interesting to compare our laboratory results
with published field observations, and in Table 2 we
summarize data from a number of oceanic and lake sites.
We have focused on field observations showing strong
evidence of solitary waves of large amplitude propagat-
ing in a two-layer configuration with shoaling observed
on a sloping boundary. The characteristic length Ly
given in Table 2 is estimated from signals presented in
the quoted papers. In the ocean the continental slopes

Table 2. Summacy of Field Conditions
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are generally weak (s < 0.1), and consequently Ly /Lg
is usually very small. This is the case for the Scotian
Shelf (first example in Table 2). The implication is that
the mixing induced by the breaking of long internal
waves is relatively inefficient on continental margins, of
the order of a few percent for individual events. One
exception is the case of the Sulu Sea, where s ~ 1/11,
implying a mixing efficiency around 10% for the ob-
served solitary waves.

Steep slopes are often encountered in lakes. The
case of long narrow lakes (such as those investigated by
Hunkins and Fliegel [1973], Thorpe [1974], and Stevens
et al. [1996]) is interesting because undular bores are
often observed. They are thought to be generated in
response to a strong wind event and then to evolve into
a set of solitary waves which can shoal and break at
one of the sloping ends of the basin. From Table 2 we
see that for the four sites listed, 0.2 < Ly /Ls < 0.3,
implying that the mixing efficiency is quite high at
10% < Ry < 18% from Figure 10. The data collected by
Hayami et al. [1996] exhibit some interesting features.
In their Figure 9b a solitary wave approaching the shore
is shown. This solitary wave evolves at the front of the
surge created by a typhoon. The characteristic length
scale ratio Lw /Ls is approximately 0.3, suggesting a
mixing efficiency Ry of 18%. If we now consider their
Figure 9d, however, when the surge is shoaling, Ly /Ls
is then about 0.5, implying a very high mixing efficiency
of Ry ~ 25% for this particular case. The velocity fields
provided by Hayami et al. [1996] are not of very high
definition but showed amazing similarities to the break-
ing mechanism described in section 3. One can discern,
for instance, a separation of the flow in the lower layer
and turbulent activity resulting from breaking.

The description of wave breaking in section 3 con-
cluded that the strong flow offshore in the lower layer
separates from the sloping bottom, that gravitational
instabilities occurred, and that the net result was the
transport of mixed fluid off the slope. Indeed, this
mechanism contributes to flush heavy fluid down and
off the slope. Observations after all motion has ceased
have shown that particles initially located in the break-
ing region are spread very far offshore. In the run shown
in Figure 3, for example, the mixed fluid which has been

Location Reference

3=H/Ls

Scotian Shelf

Sandstrom and Elliott [1984]

Sulu Sea Apel et al. [1985] 1/11
Loch Ness Thorpe [1974] 1/20
Seneca Lake Hunkins and Fliegel [1973] 1/16
Kootenay Lake Stevens et al. [1996] 1/20
Lake Biwa Saggio and Imberger, [1998] 1/20

Hayami et al. [1996]

h,m H,m am Lw,m Lw/Ls Ry

1/200 100 150 30 1100 0.05 3%
1400 1500 30 3000 0.2 10%

130 170 12 900 0.25 13%

60 85 10 400 0.3 18%

90 125 10 500 0.2 10%

50 70 15 400 0.3 18%

25 700 0.5 25%

Here s is the slope, h is the depth to the center of the thermocline, H is the total depth, a is the wave amplitude,
and Lw is the wave length as defined in equation (1). The mixing efficiency Ry is estimated from Figure 10.
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colored blue has spread some 70 cm away from its initial
injection site by the end of the process (for ¢ > 4 min).
This provides a transport path whereby material close

to the slope bottom can be swept far offshore in the
deep water region.

It is important to bear in mind that the mixing effi-
ciencies quoted above for the field sites listed in Table 2
are for individual events. The generation of internal
solitary waves is a quite regular feature at many sites,
such as those generated by either the interaction of the
internal tide with the shelf break [e.g., Sandstrom and
Elliott, 1984; Holloway, 1987] or wind events in long
narrow lakes. Thus, even if the mixing efficiency is low
for particular events, the regular nature of the breaking
event implies that this process can be of considerable
importance to mixing and transport of benthic materi-
als over long periods of time.
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