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Abstract

Langmuir circulations are pairs of counter rotating vortices aligned with the wind in
lakes, estuaries, and oceans. They enhance the vertical transport of heat, mass and
momentum. Knowledge of the mechanism involved and its influences are essential for
the parameterizations used in mixed layer models and for better understanding the
dynamics of the upper ocean.

In this study, numerical simulations of laminar and turbulent open channel flows
with a moving wavy surface that has the form of a second order Stokes wave are per-
formed. A constant tangential stress is imposed at the top. It drives a mean current
that interacts with the surface wave to generate Langmuir circulations. In our model,
the Navier-Stokes equations are solved in a curvilinear coordinate system, with kine-
matic and dynamic boundary conditions applied on the wavy surface. An orthogonal
transformation is used to map the wavy physical domain into a rectangular compu-
tational domain. The numerical method is a modified version of the fractional step
method of Zang et al. (1994) for a generalized curvilinear coordinate. For turbulent
cases. we used a large eddy simulation approach that models the sub-grid stresses
with a dynamically determined Smagorinsky constant. .

First. two dimensional free surface flows under a second order Stokes wave are
examined. Analytical solutions for the inviscid flow and numerical solutions for the
viscous flow are obtained. Two components of the velocity field important to Lang-
muir circulations are identified: the Stokes drift caused by the irrotational wave
motion. and the Eulerian mean flow induced by the top wavy boundary layer.

In the three dimensional wavy flow, the initial perturbations grow exponentially
in time. Higher modes with short wavelengths develop first. They later combine
and there are large counter rotating Langmuir cells in the final equilibrium state. As
observed in the field, the Langmuir cells are asymmetric, the downwind velocity being
greater at the convergence zone than at the divergence zone. They coexist with the
wave field and are modulated by the surface wave.

The numerical results are compared with those from the simulations based on the
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Craik-Leibovich (CL) theory in a rectangular domain. It is suggested that, in addi-
tion to the Stokes drift included in the CL theory, the Eulerian mean flow induced
by the surface wavy boundary layer is also important. Including its effects in the
simulation based on the CL theory is essential in predicting the correct quantitative
properties of Langmuir circulations, especially the pitch, which is the ratio of the
maximum downwind jet velocity to the maximum downwelling velocity. For laminar
flows, a two dimensional simulation based on the Craik-Leibovich theory shows that
the cell merging process resembles the inverse energy cascade in two dimensional tur-
bulence. Furthermore, when the wave-induced stress is included, excellent agreement
is achieved between the computed streamwise-averaged wavy flow and that predicted
by the CL theory.

For the turbulent case, the Langmuir circulations are embedded in a much stronger,
chaotic instantaneous field; nonetheless, they can be clearly identified by time averag-
ing. Relative to non-wavy stress-driven open channel flow, the streamwise turbulent
fluctuations are weaker but the spanwise and vertical perturbations are stronger. Un-
like the open channel flow turbulence, in which the streamwise momentum is trans-
ported mainly by the turbulent motion, in Langmuir turbulence, the mixing due to
the turbulence and the mean Langmuir circulations are approximately of equal im-
portance. The mean flow is also modified. Close to the bottom wall, the logarithmic
region is destroyed by the penetration of the Langmuir circulation. Near the top
surface. Langmuir circulations destroy most of the logarithmic profile in turbulent
Couette flows. leading to a more uniform mean current. The turbulent kinetic energy
budget shows that in the top surface layer, the production rate is enhanced in Lang-
muir turbulence. The pressure transport term is also significant in this region; this is
not the case for turbulent Couette flow. Although the Langmuir circulation structure
is similar in turbulent wavy flow and the flow obtained using CL theory. significant
quantitative differences are observed. For La, = (u./25)'/2 = 0.3, where u. is the
shear velocity at the wavy surface, and S the characteristic Stokes drift velocity, CL

theory produces stronger Langmuir cells but weaker turbulence.
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Roman Symbols

Wave amplitude.

Metric coefficients for the 2D wavy analytical solution.

Model coefficient in the dynamic subgrid scale model.

Phase speed of the surface wave.

Mean velocity transport for < ufuf >.

Viscous diffusion rate for < ulu} >.

Flux tensor of the filtered momentum equation in the curvilinear system.
Froude number. Fr = ﬁ.

Metric skewness tensor.

Jacobian.

Domain length in the streamwise and spanwise directions, respectively.
Leonard tensor.

Modified pressure, with the hydrostatic part subtracted.

Pressure that includes the hydrostatic part.

Pitch of Langmuir circulation.

Production rate for < ujuf >.

Anisotropic part of the subgrid scale stress tensor, 7;;.

Anisotropic part of the subgrid scale stress tensor, 7;;.

Rayleigh number: R = \/Re,Re?
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Re.
Re..ss

Re,
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u;

u
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Reynolds number: Re, = u,h/v.

Reynolds number: Re. = u?h/v.

Generalized Re, that can include the Eulerian mean flow effects.
Reynolds number: Re, = Sh/v.

Characteristic Stokes drift velocity. § = ¢2C?/2

Source term of the filtered momentum equation in curvilinear system.
Resolved strain rate tensor.

Time.

Turbulent transport rate for < uju’ >.

SGS transport rate for < ujuj >.

Subgrid scale stress tensor under test-scale filter.

Physical components of the velocity in €' direction of the curvilinear svstem.

Eulerian velocity

Eulerian mean flow velocity predicted by Longuet-Higgins
Lagrangian velocity

Cartesian velocity components: u; = u,u; = v, uz = w.
Intermediate Cartesian velocity components.

Bottom boundary friction velocity.

Upper boundary friction velocity.

Cartesian velocity components in the streamwise, spanwise and vertical

directions, respectively.
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U.
U
U,
um
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Generalized velocity scale.

Ensemble averaged, resolved velocity components. U; =< 7; >.
Eulerian velocity in the fixed coordinate system for wavy cases.
Lagrangian velocity in the fixed coordinate system for wavy cases.
Wind speed.

Volume flux in curvilinear system.

Intermediate flux velocity in curvilinear system.

Contravariant velocity in curvilinear system. V™ = JU/™.

Fixed Cartesian coordinates for wavy cases.

Cartesian coordinates. z; = z.z; = y,z3 = =. For wavy cases, this system

moves at the phase speed of the surface wave.

Cartesian coordinates in streamwise, spanwise and vertical directions, re-
spectively. For wavy cases, this system moves at the phase speed of the

surface wave.

Greek Symbols

Stretch parameter for vertical coordinate.

Ratio of the wind-driven current shear to the Eulerian mean flow shear.
Ratio of the wind-driven stress to the Eulerian mean flow stress.

Filter size.

Wave slope.

Viscous dissipation rate for < uju} >.

SGS dissipation rate for < u”u” >.
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m
T

sgs

~total
i

Surface wave height, with zero mean.

Intermediate curvilinear coordinates.

Wave number of the surface wave (streamwise).

Wave number of the Langmuir circulations (spanwise).
Parameter of the second order component of Stokes wave.
Molecular viscosity.

Eddy viscosity.

Curvilinear coordinates in computational domain.
Pressure transport rate for < ufuf >.

A complex number in the normal modes solution in 2DCL stability analysis.

The magnitude of its imaginary part is the growth rate of the flow.
Tangential stress at the top surface.

Subgrid-scale stress tensor.

Ensemble averaged stress tensor due to molecular viscosity.
Ensemble averaged subgrid-scale stress tensor (anisotropic part).
Resolved Reynolds stress.

Total stress. 7! = 1% + 779° T

Pseudo-pressure.

Pressure-strain redistribution for < u/'uf >.

Vorticity components in z; direction.

Other Symbols
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2Dwavy

2DCL

3Dwavy

3DCL

Order of magnitude.

Grid filter operator.
Test-scale grid filter operator.
Index of the time step.
Dimensional variable.

Ensemble average. It implies a time averaging for turbulence that reaches
statistical steady state and averaging over homogeneous directions of the

flow, if any exists.

Fluctuation components. It is equal to the resolved instantaneous value

minus the ensemble average of the resolved value.
Abbreviations
Two dimensional flow under a wavy surface.

Two dimensional flow in a rectangular domain with Craik-Leibovich equa-

tions.
Three dimensional flow under a wavy surface.

Three dimensional flow in a rectangular domain with Craik-Leibovich equa-

tions.

3DOChan Three dimensional open channel flow in a rectangular domain with zero

ADI
CFL
DNS
LES

SGS

pressure gradient and stress on the top.
Alternate Direction Implicit.
Courant-Friedrichs-Lewy.

Direct numerical simulation.

Large eddy simulation.

Subgrid scale.
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Chapter 1

Introduction

1.1 Background

Mixing processes in the upper ocean are of great importance in environmental predic-
tions. For example, they greatly affect the global climate. The prediction of the heat,
momentum and gas exchange at the air-sea surface is a significant element in weather
prediction. The mixing also determines the distribution of chemical pollutants, which
is a major concern in industrial waste disposal. Furthermore, the transport of oxygen
and carbon dioxide from the air above and nutrients from the bottom water influences
biological productivity as well as offshore fisheries.

The mechanisms of mixing, however, are poorly understood. The complexities
arise from the simultaneous existence of several processes, including wave breaking
(both on the surface and from internal waves), shear instability due to the wind
stress, convective motions due to nighttime cooling as well as salinity gradients, and
the circulations generated by the interactions of surface waves and the wind-driven
currents. Therefore, successful parameterization must take into account of all these
components with quantitative accuracy.

A logical first step in constructing such a model is to isolate each of the key
processes and to fully understand its mechanisms and dynamics. In this dissertation,
we focus on the interactions of the surface waves and wind-driven currents, especially
the phenomenon known as Langmuir circulations.

Langmuir circulations are pairs of counter rotating vortices aligned roughly with
the wind in lakes, estuaries and oceans. They were first reported by Langmuir (1938)
and bear his name. During a trip on the Atlantic Ocean in 1927, Langmuir noticed a
large number of “streaks”, or windrows formed by floating seaweed parallel to the wind
direction with spacings ranging from 100 to 200 meters and lengths up to 500 meters.
Langmuir hypothesized that these streaks are formed by a series of longitudinal helical
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vortices of alternating sense below the water surface. This conjecture was later proved
by Langmuir with remarkable flow visualization experiments in Lake George.

The following basic properties of Langmuir circulations were observed. Associated
with the longitudinal vortices are downwelling zones, above which the windrows are
formed, and upwelling zones, above which the flow diverges in the spanwise direction.
The convergence lines are roughly aligned with the wind. Langmuir cells are asym-
metric. Furthermore, the downwind current at the convergence zone is greater than
that at the divergence zone, and is known as the “current anomaly™.

Since Langmuir’s pioneering work, the potential significance of Langmuir circula-
tions has created great interest in them. First of all, the vigorous mixing caused by
their convective motions calls into question the validity of the widely used one dimen-
sional “slab”™ model of the mixed layer. The one dimensional model in Phillips (1977),
for example, assumes the mixed layer responds to atmospheric forcing with rapid
mixing of heat and momentum (Pollard 1977a). Models with parameters obtained by
fitting laboratory experiments predict changes in the mixed layer depth and averaged
buoyancy and velocity as functions of the surface buoyancy fluxes and wind stress.
However. as argued by Turner (1973), the laboratory experiments may not include
the mixing due to the Langmuir circulations and thus may underestimate the mixing.
Therefore, the mixed layer model should be improved to include not only the effects
of surface wind stress and buoyancy flux, but also the sea state that is important to
the formation of the Langmuir circulations (Leibovich and Paolucci 1980b).

Observations of bubble clouds suggest that Langmuir circulation can affect air-sea
gas exchange. Wave breaking and heavy rain provide uniformly distributed bubble
sources at the sea surface (Thorpe and Hall 1980). With a bottom-mounted, side-
scan sonar, Thorpe (1982) found that higher concentrations of bubbles are formed un-
der the windrows rather than between them. These bubble clouds are carried to great
depth by the downwelling jet under convergence zone. They are used as indictors of
the Langmuir circulation in field observations (Zedel and Farmer 1992). Furthermore,
by analyzing a numerical model that accounts for the turbulent diffusion of bubbles
from the free surface, bubble rise and dissolution, and advection by Langmuir circula-
tions, Thorpe (1984) concluded that the effective turbulent diffusivity with the effects
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of Langmuir circulation included is up to twice as that due to turbulence alone. There-
fore, the enhancement of turbulent mixing by Langmuir circulation can indirectly
influence the gas exchange (Crawford and Farmer 1987, Faller and Perini 1984).

Langmuir circulations also play a role in the heat transfer in the upper ocean. Due
to the diurnal variation of ocean surface temperature, a warm layer of water tends to
form at the surface during midday, and a cool layer during nighttime. Thorpe and
Hall (1982) observed in Loch Ness that, when Langmuir circulations are present, tem-
perature anomalies develop in the downwelling regions. Weller et al. (1985) arrived
at the same conclusion. During their measurements from the research platform FLIP,
they found positive temperature anomalies during the daytime and negative anoma-
lies during nighttime, both correlated with surface streaks formed with the surface
markers. Furthermore, Smith et al. (1987) noticed that the stratification developed in
the absence of Langmuir circulations can be rapidly destroyed by the powerful mixing
induced by Langmuir circulation. All of these observations indicate that Langmuir
circulations enhance heat transfer in the mixed layer.

Langmuir circulation also intensifies the mixing of the windward momentum.
Since the windward and downwelling velocity components are strongly correlated,
Langmuir circulation is potentially an efficient transporter of the momentum de-
posited in the thin surface layer by wave breaking (Pollard 1977b). Gordon (1970)
estimated that for a Langmuir circulation with a maximum downwelling of 4em/s
and average upwelling of 1.5cm/s and a current anomaly of 2cm/s, the resulting
Reynolds stress is more than sufficient to transport all the momentum input by the
wind (5m/s) downwards. Weller and Price (1988) confirmed the correlation between
the downwelling and windward velocities. With measurements at great depth, they
showed that the downwelling and windward flows are much larger than Gordon'’s esti-
mate. This is further supportive of the conclusion that the momentum redistributed
by Langmuir circulation and turbulence combined is much greater than that by the
wind shear turbulence alone.

It is also believed that the distribution of phytoplankton is influenced by Langmuir
circulation (Evans and Taylor 1980, Hamner and Schneider 1986). Weller et al. (1985)

stated that the vertical velocities induced by Langmuir circulation are greater than
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the terminal velocity of phytoplankton. Hence, this helical flow can redistribute the
phytoplankton, changing the irradiance they experience and thus their rate of photo-
synthesis.

Faller and Auer (1988) pointed out that Langmuir circulation contributes to hor-
izontal dispersion. Films (Faller and Perini 1984) and oil spills (Thorpe 1995) on the
surface are frequently observed to collect into parallel. narrow bands, which may
slowly coalesce to form longer streaks with larger spacing. This process provides an
effective mechanism for dispersion (Farmer and Li 1995).

Observations have found that Langmuir circulations that extend to the thermo-
cline (Leibovich 1983). It has therefore been suggested that Langmuir circulation
might influence the formation, sustenance and erosion of the thermocline. Langmuir
himself believed that * the helical vortices set up by wind apparently constitute the
essential mechanism by which the epilimnion is produced”. Lele (1985) has studied
the formation and deepening of thermocline numerically. Li and Garrett (1997) also
demonstrated the rapid deepening in their simulations. These studies have been re-
inforced by the field observations by Smith (1998). He discovered that initially, the
depth of the mixed layer increases rapidly, and later slows down later. After that,

Langmuir circulation may maintain and even slowly extend the mixed layer.

1.2 Review of Related Work

Many studies have been conducted on Langmuir circulation. Early reviews were
written by Faller (1971), Pollard (1977b), and Leibovich (1983). Rapid progress
has been made since then in field observation, laboratory experiment and numerical

simulation. Here, only studies relevant to this work are presented below.

1.2.1 Theoretical Work

Numerous ideas concerning the mechanism of creation of Langmuir circulation have
been proposed. Early hypotheses include the effects of surface films (Welander 1963,

Kraus 1967), correlation with atmospheric vortices (Woodcock and Wyman 1946),
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pure irrotational wave effects (Stewart and Schmitt 1968, Faller 1969), thermal con-
vection (Csanady 1965), Ekman layer instability (Faller 1964, Gammelsrod 1975) and
preferential wave breaking (Garrett 1976). However, each of these mechanisms has
been shown to be incorrect on theoretical and/or experimental grounds.

The most promising theory to date is the Craik-Leibovich theory. It was first pro-
posed by Craik and Leibovich (1976) based on concepts suggested by Craik (1970)
and Leibovich and Ulrich (1972). It assumes the motion of the upper layer of water
consists of a nearly irrotational wave field and a weaker rotational current and as-
serts that the formation of Langmuir circulation is due to the non-linear interaction
between surface waves and the wind-driven current. In Craik and Leibovich (1976),
a quasi-steady system was solved. It focused on the development of the Langmuir
circulation and did not compute the wind-driven current. This was extended by
Leibovich (1977b), who treated both the Langmuir circulation and the wind driven
current in an unsteady flow as a single system. This theory was later extended further
by Leibovich (1977a) to include the effects of stratification. With the key assumption
of disparate time scales, i. e. the time scale of Langmuir circulation evolution is much
larger than a wave period, and the wave period is much larger than the time scale of
small-scale turbulence, multiple time scale averaging was applied to the Navier-Stokes
equations, resulting in the Craik-Leibovich equations. These equations are the generic
Navier-Stokes equations altered by a “vortex forcing” term. u; x w, where u, is the
Stokes drift of the irrotational wave fields and w the vorticity of rotational current.
It is expected in the ocean and in lakes that the shape of the wave is unaffected by
the mean current. Thus the Stokes drift can be computed a priori.

Following the original derivation, the Craik-Leibovich equations were rederived by
Leibovich (1980) and Craik (1985) using the generalized Lagrangian mean theory by
Andrews and Mclntyre (1978), and later by Holm (1996) using an averaged Hamilton
principle.

According to the Craik-Leibovich theory, vortex forcing exerts a torque on the
water and produces Langmuir circulation in either of two ways. The first is referred
as the CL1 mechanism. It assumes the wave field is highly directional in the spanwise

direction. The resulting Stokes drift creates periodic vortex torque, which directly
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forms the roll motions. The assumption of phase-locked, crossed wave fields is the
weakest point of this mechanism, as this state is very unlikely to occur in the sea.
The second mechanism, known as CL2, generates the convective motion from the
instability of the mean current. It is more promising than CL1 and was first proposed .
by Craik (1977). It works as follows (Gnanadesikan 1996): Spanwise perturbation of
the streamwise current creates vertical vorticity of both signs. The vertical vorticity
is then bent by the exponentially decaying Stokes drift thus forming longitudinal
vortices of alternating signs. The rate of the tilting is determined by the Stokes drift
shear. These counter rotating vortices in turn twist the spanwise vorticity of the mean
current into the vertical direction, reinforcing the horizontal perturbation. The rate
of this strengthening depends on the mean current shear. Hence, the growth rate of
the convective motion goes as the geometric mean of the Stokes shear and the mean

current shear.

1.2.2 Stability Studies

The CL2 mechanism was explored further by Craik (1977) for unstratified flows and
by Leibovich (1977a) for stratified flows. Mathematically, for linear profiles of the
Stokes drift and the mean current, the linearized problem is similar to the Bénard
instability for unstratified fow, and to the double diffusive thermosolutal problem for
stratified flow. Based on this analogy, Craik (1977) and Leibovich (1977a) estimated
(but did not compute) the conditions for marginal stability and reported that a wide
range of typical conditions found in the ocean are highly unstable. Furthermore, they
computed the growth rate for inviscid flow. The finite depth, unstratified case was
studied by Craik, and the infinite depth, stratified case was investigated by Leibovich.
Although both studies found all the wavenumbers to be unstable, which is not true
for viscous case, the validity of the instability mechanism for producing Langmuir
circulation has been demonstrated. _

Leibovich and Paolucci (1980a, 1981) studied the CL2 instability for a viscous,
stratified flow in a domain of infinite depth, with a zero surface stress at time zero
and a finite, constant surface stress afterwards. The Stokes drift profile was that of a

irrotational Stokes wave, and the mean current was the unsteady similarity solution
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of the Rayleigh problem. Both linear stability and energy stability analysis were
carried out. The results showed that the linear and energy stability limits are close.
Leibovich and Paolucci also pointed out that the creation of two dimensional roll
motions are favored, as observed in the ocean. The spanwise wavenumber for the
most unstable mode was also calculated.

For stratified flows with finite depth, Lele (1985) performed the linear stability
analysis for a non-slip bottom boundary conditions and variable Stokes drift gradients.
The same problem for unstratified flow was solved by Garg et al. (1992) in an attempt
to compare with the experiment results of Nepf (1992). In both cases, finite critical
wavenumbers were reported.

Both linear and weakly nonlinear analyses of a stratified, zero-stress bottomn flow
have been carried out by Leibovich et al. (1989). With both linear mean current and
Stokes drift, the mathematical problem is strictly analogous to the double diffusion
problem. Their numerical simulations, performed parallel with the analysis, were in
error and were later corrected by Cox et al. (1992b, 1992a). Cox et al. also extended
the linear Stokes profile to a more real profile with an exponentially decay. Multiple
bifurcation were obtained, resulting in equilibrium states of either traveling wave or
steady state type. This is consistent with observed Langmuir circulations, which is
either persistent or drift in the spanwise direction.

The stability analyses mentioned above are all for two dimensional problems.
Streamwise invariance is assumed. Leibovich and Tandon (1993) studies three di-
mensional Langmuir circulations. They investigated stratified flows with non-slip
bottom boundaries. Linear Stokes drift and constant top stress were applied. From
the linear stability analysis, they showed that for unstratified flow, steady two dimen-
sional rolls are preferred. For stratified flow, however, the most unstable modes are
weakly three dimensional, with windrow angles slightly off the wind direction.

Recently, secondary instability in Langmuir circulation was studied out by Tandon
and Leibovich (1995b). It has been observed that for both stratified and unstratified
flows, two dimensional Langmuir circulations are subject to three dimensional insta-
bilities. Traveling waves in the wind direction appear in the Langmuir circulations.

Therefore, the windrows deviate from the streamwise direction by small angles.
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It should be noticed that these stability analyses deal with the states near marginal
stability and the non-linearity. The goal is to investigate the requirements for insta-
bility and the flow structures associated with response of the parameter spaces. Since
in the real ocean and lakes, the flow is highly supercritial, full non-linear simulations

should be performed.

1.2.3 Field Observations

Field measurement of Langmuir circulations is a complicated and difficult task. Ve-
locity and temperature must be obtained at an array of locations designed specifically
to capture Langmuir circulation. Visual guidance is also important. Averaging over a
large number of samples obtained under similar conditions is required to reconstruct
the coherent motion. Furthermore, environmental conditions and information about
the surface wave must be determined simultaneously. With all these difficulties, it is

not surprising that, at this date, few good data sets are available.

Orientation and Horizontal Scales

The spacing and orientation of Langmuir circulations can be identified visually by
the windrows formed by floating substances such as foam, debris and seaweed, or by
the surface-temperature anomalies seen in infrared photographs. Langmuir (1938)
reported that the windrows are roughly aligned with wind. Faller (1964) discussed a
tendency for consistent deviation of the surface streaks to the right of the wind at an
angle of approximately 13 degrees. This conclusion was partially supported by Katz
et al. (1965), who found similar angles to Faller’s in four out of six experiments. Ichiye
et al. (1985) also observed similar deviations ranging from 0 to 12 degrees for most
cases. However, rather small deviation angles have been observed by Welander (1963)
in the ocean. Myer (1971) and Kenny (1977) found the surface streaks were aligned
with the wind within 3 degrees in Lake George and Lake of the Woods, respectively,
showing no systematic deflection of Langmuir circulations.

The spacing between windrows ranges from 2m ~ 25m in lakes and 2m ~ 300m in
oceans. For example, Langmuir (1938) observed that streaks were mainly 5m ~ 25m

apart in Lake George, depending on the season of the year. Harris and Lott (1973)
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found that cell spacings were around 3m to 4m in Lake Ontario. In the ocean, larger
scales occur. Langmuir (1938) reported parallel lines of massive collections of seaweed
100m to 200m apart. In the ocean near Bermuda, Assaf et al. (1971) showed from
aerial photographs that the largest spacing of the convergence zones was about 280m.

It has been suggested that the horizontal spacing scales with the depth of the
mixed layer. Scott (1969) reported that the streak spacing correlates with the depth
of thermocline, and so did Kenny (1977). Langmuir (1938) found that the row spacing
of the surface streaks is larger in October and November, when the thermocline is
deeper and smaller in May and June, when the themocline is shallower. During
the cruise of MILDEX (MIxed Layer Dynamics EXperiment), Smith et al. (1987)
found with the Doppler sonar from the FLIP platform that the Langmuir circulation
spacing is about three times the depth of the mixed layer. This feature persisted for
a period of two hours, while the mixed layer depth changed from 40 to 60m. This
aspect ratio is confirmed by Weller and Price (1988), who found values ranging from
2.5 ~ 3.5. Smith (1992) later provided a slightly different ratio for weak stratification
conditions in the mixed layer. During the experiments in SWAPP (Surface WAve
Process Program), he observed the growth of Langmuir circulations in the Pacific
Ocean. Within an hour following a sudden change of wind, the Langmuir circulation
spacing increased at a speed of 40cmn /s, while the density measurement indicated the
mixed layer deepened at a rate of 20em /s. Therefore, he concluded that the Langmuir

cell is almost square with an aspect ratio of unity.

Vertical Penetration

In experiments in Lake Ladoga, Filatov et al. (1981) found that the penetration depth
of Langmuir circulation is proportional to wind speed and inversely proportional to
stratification. For stronger and more persistent cell motions in deep water, however,
it is suggested that the vertical penetration of Langmuir circulations is limited by the
first significant thermocline.

Observations by Langmuir (1938) showed that the small umbrellas used to measure
the mean currents gradually drifted under a streak 5m below the surface, but did not
at 10m depth. From this it can be inferred that the depth of the cellular motion is a
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small multiple of 5m, comparable to the mixed layer depth.

Weller and Price (1988) provided a more complete picture. From the measure-
ments performed on the FLIP platform, they found that the Langmuir circulations
are more active in the upper half of the mixed layer. The longitudinal and transverse
velocities in Langmuir circulations gradually decay with depth. Near the thermocline,
the flow is significantly influenced by the strong stratification and is too weak to be

detected.

Spacing Hierarchies and Y Junctions

Between the well-formed, long windrows with the largest horizontal spacing, there
exist numerous shorter, elongated, less well-defined streaks, as observed by Lang-
muir (1938) in both the ocean and Lake George. Multiple scales have also been
observed by other researchers. Assaf et al. (1971), for example. also stated that the
largest cells (280m in spacing) coexist with cells of small to medium sizes (approxi-
mately 5m to 35m). ,

Scott et al. (1969) discovered the small-scale motions are temporary. disappear-
ing quickly after the wind dies. Furthermore, they tend to coalesce to form longer
bands with larger scales. By distributing computer cards on the ocean surface, Smith
el al. (1987) found that smaller cells gradually merge to form bigger ones. Weller
and Price (1988) observed similar processes, with the cards initially forming shorter
lines of several meters in length and spacing, then being carried into longer lines of
tens of meters long and 10 ~ 40m apart, and finally forming one or two lines ap-
proximately 100m apart. When new cards were scattered, young cells with short
convergence lines formed between the streaks already formed, and the same migra-
tion process from small-scale motion to large repeated, as also reported by Harris and
Lott (1973).

The consolidation of surface markers implies a dynamic cascade from small scale
to large scale. Smith (1992) showed that as the flow evolves, the energy of the once
dominant small scales vanishes and moves to the large scale motions, indicating a

inverse energy cascade of the kind commonly found in two dimensional turbulence.
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In addition, the upscale cascade is carried out by the amalgamation of pairs of conver-
gence bands, as shown in the sonographs by Thorpe (1992) and Farmer and Li (1995),

forming the so-called “Y Junctions™.

Vertical Velocity

Early measurements of the velocity in Langmuir circulations were made near the
surface. Langmuir (1938) used aluminum plates ballasted for neutral buoyancy and
measured the descent velocities of 2 ~ 3m/s under streaks and upwelling velocities
of I ~ 1.5m/s. These devices were later used by Harris and Lott (1973). Filatov
et al. (1981) performed measurements in Lake Ladoga with “Sutcliff” floats, horizon-
tal plates attached to buoyant vertical poles first used by Sutcliff et al. (1963). Filatov
et al. gave a nonlinear fit of the downwelling speed to the wind speed, with the coeffi-
cient depending on the air-sea temperature difference. Leibovich (1983) summarized
some of these measurements. He divided the data sets into two groups, one from
Filatov et al., and the other from Sutcliff et ai. and Harris and Lott, and fit each
set with a linear relation: wg,,, = 0.0025U¢ and wd,,, = 0.008507¢. respectively.
where wj,,,. denotes the dimensional downwelling velocity, and /¢ the dimensional
wind speed. These two relations produce an approximate range of the downwelling
velocity in Langmuir circulations.

Weller and Price (1988) deployed Vector Measuring Current Meters (VMCMs)
from the research platform FLIP and were able to obtain velocity measurements
further below from the surface at depths of approximately 10m ~ 165m. Since the
upwelling speed was smaller, they mainly discussed the results of the downwelling
velocity. The picture emerged showed that there exists a subsurface maximum of the
downwelling speed. The strongest downwelling velocity occured between 6m and 20m
depth. when the mixed layer depth was 40m to 60m. Therefore, the early results made
near the surface underestimated the downwelling velocity of Langmuir circulations.
The data obtained are rather scattered, with the maximum downwelling velocity up
to J0cm/s, but with more values lying in the range of 5cm/s to 10cm/s. Nevertheless,
the data showed a general trend of increased downwelling velocity with stronger wind,

supporting the proportionality proposed by Leibovich (1983).
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Horizontal Velocity

Flow visualizations showed that the downwind velocity varies across Langmuir circu-
lations. Langmuir (1938) laid a thin cord perpendicular to the wind direction. After
about 10 minutes, the straight cord deformed into well-defined waves, being displaced
forward in the streaks and backward out of them, indicating that the downwind ve-
locity is greater in the convergence zone than in the divergence zone. This “current
anomaly” was confirmed by Gordon (1970) and Assaf et al. (1971), who observed
the sinusoidal frontier of dye in the ocean. The difference between the downwind
velocity at the convergence and divergence zones was reported to be in the range of
lem ~ 17cm (Pollard 1977b).

Measurements deeper in the water from the platform FLIP (Smith et al. 1987,
Weller and Price 1988) revealed stronger downwind currents at mid-depth of the
mixed layer than near the surface. They are correlated with the convergence zone,
with a magnitude comparable to the downwelling velocity. The downwind velocity
was estimated generally in the range of 15¢m/s ~ 30cm/s, with the maximum value
up to 40cm /s (Weller and Price 1988).

1.2.4 Laboratory Studies

Laboratory experiments have been performed to investigate the generation of Lang-
muir circulations. Faller (1969) was the first to demonstrate Langmuir circulations
can be established by waves and current only. Neither the waves generated mechan-
ically nor the sheared current produced by slow draining of the shallow tank alone
caused roll motions. However, by introducing waves on the sheared current, he ob-
tained vigorous convective cells. Furthermore, the circulations produced are much
stronger than the thermal convection organized by shear; thus the latter is not a
necessary condition to generate Langmuir circulations.

Since then, numerous experiments have been conducted to study the wave current
interaction mechanism, especially to verify the later-developed Craik-Leibovich the-
ory (Craik and Leibovich 1976, Craik 1977, Leibovich 1977b, Leibovich 1977a). Ex-
periments designed to test the CL1 mechanism have been reported (Faller 1978,
Faller and Cartwright 1983, Mizuno 1985). When a carefully produced crossed-wave
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pattern was imposed on a shear flow, well organized longitudinal cells were readily
seen. The shear was generated by blowing a light wind over the surface. When the
wind direction was reversed, the direction of Langmuir circulations reversed as well,
in agreement with the CL1 theory.

Faller and Caponi (1978) generated Langmuir circulations by blowing wind over
the water surface. However, the resulting wave field was rather complex. Struc-
tures similar to the crossed-wave pattern coexist with other wave forms. Thus, the
experiment could not distinguish between the CL1 and CL2 mechanisms.

The CL2 mechanism was further tested by Faller and Perini (1984), who produced
a unidirectional wave with a mechanical wave genérator and a mean current with a
moving surface film. With the aid of dye streaks, cell activity was observed. Nepf and
Monismith (1991 ) further studied the CL2 mechanism with a combination of mechan-
ical waves and a narrow flume. In this flow, the vertical vorticity from the sidewall
boundary layers was rotated by the Stokes drift from the wave motion. Longitudi-
nal rolls were produced. Furthermore, reversal of the wave direction changed the
downwelling zone at the center of the channel into an upwelling zone, as predicted
by the CL2 mechanism. However, the experiment only partially verified the CL2
mechanism. Since the sidewalls provided a permanent source of vertical vorticity, the
feedback component of the CL2 mechanism, in which the vertical vorticity associated
with the spanwise perturbation is reinforced by the Langmuir circulations, was not
confirmed.

In an effort to verify this feature of the CL2 mechanism, Nepf et al. (1995) utilized
a wider channel and placed curved screens upstream of the wave maker to produce
a mean sheared current. With this arrangement, the initial vertical vorticity was
generated via spanwise perturbation of the mean current, as required by the CL2
mechanism. Both positive and negative shear were created. The idea was to test
whether negative sheared current inhibits the generation of Langmuir circulations.
However, it was found that longitudinal vortices were produced equally well with
positive, negative, or even no imposed shear. The formation of La.ngrhuir circulations
was more correlated to the steepness of the wave. When a wave breaks at the sur-

face. cells developed. Otherwise, they did not appear. Nepf et al. (1995) suggested
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that wave breaking eliminates the negative shear near the surface, allowing longitu-
dinal vorticity to form via the CL2 mechanism. These vortices are then maintaijned
through the interactions with the bottom boundary layer, where a strong positive
shear develops. In addition, Monismith and Magnaudet (1998) proposed that wave
breaking might also play an important role in generating wave drift. Evidence shows
that waves generated mechanically appear to be the Gerstner waves that produce no
wave drift. Wave breaking allows Stokes drift to form, and thus Langmuir circulations
are produced.

Recently, Melville et al. (1998) performed experiments on the Langmuir circula-
tions generated by the instability of a wind-driven surface shear layer. However, the
experiments did not confirm the assumptions of the CL2 theory in that the wind-
driven current was of the same order as the phase speed of the wave, which is a @ (1)
quantity instead of the O (€?) current of CL theory, where ¢ denotes the surface wave
slope.

Laboratory studies have confirmed the characteristics of Langmuir circulations
found in field observations. Nepf (1992) observed that the cell spacing (shown by
floating beads) is about 1.5 to 3 times the channel height. Faller and Caponi (1978)
found the maximum spacing to depth ratio between 2.5 to 3.5. Upscale energy cas-
cading was also found by Faller and Caponi (1978). In agreement with Weller and
Price (1988), Nepf and Monismith (1991) observed that the maximum downwelling
velocity occurs just above the half depth of the channel. Furthermore, vigorous mixing
induced by Langmuir circulations has also been seen. Faller and Perini (1984) found
that the mean streamwise velocity at the surface decreases sharply after the onset of
instabilty, showing the enhancement of vertical momentum exchange. Nepf (1992)
also observed that the Langmuir circulations erase the shear in the mean current,

producing a more uniform profile.

1.2.5 Numerical Simulations

Numerical simulations of the fully non-linear process of the generation and evolution
of Langmuir circulations have based on solution of the Craik-Lebovich equations in a

rectangular domain. Wind stress is modeled by streamwise stress applied at the top
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surface and the wave-current interactions with the vortex forcing term.

Leibovich and Radhakrisnan (1977) performed a numerical study based on the
CL1 mechanism. They simulated an unsteady, two dimensional problem in a domain
invariant in the streamwise direction. They assumed the flow to be infinitely deep,
and of constant density and eddy viscosity. A crossed-wave pattern with a pair of
wave trains propagating at equal and opposite angles to the wind direction, which
produces a spanwise-periodic Stokes drift, was included. The width of the domain was
determined by the periodicity of the wave pattern. The top stress was turned on at
time zero and longitudinal vortices developed and deepened with time. Downwelling
occurs at the location of the minimum Stokes drift and upwelling where the Stokes
drift is maximum. Current anomalies similar to those observed in the field were
also predicted. Furthermore, with careful selection of parameters, they produced a
maximum downwelling velocity comparable to field observation.

A similar problem was solved later by Leibovich and Paolucci (1930b). who stud-
ied the instability CL2 mechanism. The computational setup was the same as that
of Leibovich and Radhakrishnan (1977), except that the spanwise dimension was
comparable to the most unstable wavelength. A spanwise uniform Stokes drift was
included in place of the crossed-wave field. Stratification was also included, but only
as a passive scalar (Leibovich 1983). The Langmuir circulations obtained qualita-
tively resemble the solutions by Leibovich and Radhakrishnan (1977). In addition, a
cell merging process, in which the small scale perturbations cascade to larger ones,
was discovered.

Leibovich and Lele (1982) improved Leibovich and Paolucci’s (1980b) results for
the stratified case. Starting with a constant initial temperature gradient, they ob-
served the transformation to a uniform temperature profile in the well mixed region.
More interestingly, a dynamically evolving layer with a strong temperature gradient
forms below the Langmuir circulations. It resembles the thermocline deepening in
the ocean.

Li and Garrett (1993) conducted two dimensional CL (2DCL) simulations in a
domain with finite depth. The flow was assumed to have constant eddy viscosity and

no stratification. A no-slip condition was applied at the bottom so that the flow can
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reach a steady state. Two counter rotating Langmuir cells formed after a cell merging
process, which Li and Garrett claimed to be much different from vortex pairing in two
dimensional process. They also showed that the strength of the Langmuir circulations,
represented by the maximum downwelling velocity at the steady state, depends on

the Langmuir number La = (v&./u?)¥?(S/u?)~'/2, and the ratio S/u?. For small La:

wd

—déﬂ =0.72(S/u?)5La~3 (1.1)
where S is the characteristic Stokes drift equal to a half its the surface value. x, is
the wavenumber of the surface wave, v the eddy viscosity, u? the dimensional shear
velocity at the top. Furthermore, with parameters typical of a fully developed sea,
their model predicted a maximum downwelling velocity comparable to the observed
magnitude, but a weaker downwind jet. Calculations were performed in domains of
different spanwise-vertical aspect ratios, but no major differences were found in the
results.

Surface heat flux and stratification were added to the 2DCL model by Li and
Garrett (1995, 1997). The eftects of surface cooling are found to be less important
than wave-current interaction for typical sea conditions. Simulations of a flow with
a constant buoyancy frequency N revealed that Langmuir circulations play a critical
role in mixed laver deepening if the velocity difference across the base of the mixed
layer Au < 0.01U2, with U3 the wind speed. The longitudinal vortices first create a
homogeneous layer. This mixed layer deepens rapidly by the action of the Langmuir
circulation and stops when the depth reaches H ~ 10u¢/N, or when the buoyancy
jump at the base (Price e/ al. 1986) reaches about 50u??/H.

Langmuir circulations in a three dimensional domain with weak vortex forcing
have been simulated by Tandon and Leibovich (1995b). Constant eddy viscosity was
assumed and the domain was of finite depth with a no-slip bottom wall. The selec-
tion of streamwise and spanwise dimensions was guided by linear and second order
instability analysis (Tandon and Leibovich 1995a). As predicted by the secondary
instability, no steady state with two dimensional, longitudinal rolls is reached. In-
stead, the flow shows a traveling wave propagating in the streamwise direction at the

final quasi-steady state. With higher vortex forcing, the traveling wave further loses
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stability, giving rise to three dimensional, oscillating Langmuir circulations.

Large eddy simulations of Langmuir circulations in turbulent flow have been car-
ried out by Skyllingstad and Denbo (1995) and McWilliams et al. (1997) based on
the Craik-Leibovich theory. In both models, multiple processes were incorporated
simultaneously, including vortex forcing, surface cooling, stratification, and the ef-
fects of the Coriolis force. The domain extends from the ocean surface to below
the thermocline. The radiation boundary condition used at the top boundary of
atmospheric models (Klemp and Duran 1983) was employed at the bottom of their
domain. The results show a rich structure with horizontal scales increasing with
depth. The dominant coherent structures are longitudinal streaks that are deviate
to the right of the wind direction due to the Coriolis force. Unlike Skyllingstad and
Denbo (1995), McWilliams et al. (1997) incorporated Stokes drift effects into the
Coriolis term, and thus predicted deviation angle of the streaks as large as 45°, much
larger than that predicted by Skyllingstad and Denbo. The streaks intensify near the
surface within a layer of thickness of the e-folding scale of the Stokes drift and un-
dergo occasional merging at “Y” junctions. Larger scale Langmuir circulations were
found with conditional averaging (McWilliams et al. 1997). Compared to cases with-
out vortex forcing, the Langmuir circulations in the turbulent flow greatly enhance
the vertical mixing. Skyllingstad and Denbo (1995) showed that the entrainment rate
of heat flux is almost doubled when vortex forcing is included. -

All the simulations above solved Craik-Lebovich equations in a rectangular do-
main. Mobley (1977) attempted to study the CL1 mechanism in a wavy domain
by solving the full Navier-Stokes equations, but failed to find Langmuir circulations.
McDonald (1994) made an effort to explore the CL2 mechanism in a flow beneath
a propagating wave. However, stability problems and difficulties with the spectral
method used for a curvilinear system made the calculation a formidable task, pre-

venting him from testing the CL2 mechanism.
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1.3 Motivation, Approach and Objectives

As shown above, the Craik-Leibovich theory has been used to describe Langmuir
circulations. Although predictions of LES and laminar simulations based on the
Craik-Leibovich equations are roughly in agreement with observations, many ques-
tions remain unanswered.

The key assumption of the Craik-Leibovich theory is that of disparate time scales.
That is, the time scale of Langmuir circulation evolution is assumed to be much longer
than a wave period, and the wave period is assumed to be much longer than the time
scale of small-scale turbulence. No test has been made to verify these fundamental
assumption.

Furthermote, the Craik-Leibovich theory abstracts the effects of the wave motion
into the Stokes drift, a drift induced by inviscid flow. In the viscous case, however,
Longuet-Higgins (1953) showed that there exists another current caused by the wavy
boundary layer under the surface, :. e. the Eulerian mean flow. It is of second order
in wave slope, the same magnitude as the wind-driven current required by the Craik-
Leibovich theory. Craik (1985) suggested the Eulerian mean flow is unstable in typical
sea conditions and can lead to Langmuir circulations without any additional stress.
No previous simulation took the Eulerian mean flow into account. Whether it should
be included in the Craik-Leibovich theory needs to be addressed. '

Since, in the Craik-Leibovich equations, the wave field interacts with the mean
current solely through the vortex forcing term, the wave field is not included in the
results. Clearly, the question of how Langmuir circulations modify and are modified
by the wave field cannot be resolved with the Craik-Leibovich theory.

In this work, three dimensional numerical simulations are performed for flows
under a wavy surface, which propagates at a constant speed over an otherwise rect-
angular domain. The shape of the wave is that of a second order Stokes wave and its
speed is the corresponding phase speed predicted by theory. The wind-driven current
is produced by a tangential stress on the wavy surface. We assume the wave shape
remains unchanged. The coordinate system moves with the wave at the phase speed.
Thus, the shape of the domain is fixed in time.

The full Navier-Stokes equations are solved in a curvilinear coordinate system.
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No averaging is used. The kinetic and dynamic boundary conditions are applied at
the wavy surface. A modified version of the fractional step method of Zang et al.
(1994) for a generalized curvilinear coordinate is used as the numerical method. An
orthogonal transformation is employed to map the physical wavy domain into a rect-
angular computational domain. The orthogonality of the transformation significantly
simplifies the simulation.

Both laminar and turbulent cases are examined. For turbulent cases, large eddy
simulation with a dynamic subgrid scale model is used. As these are the first simu-
lation of Langmuir circulations in a wavy domain,.we consider the simplest case. A
no-slip boundary condition is imposed at the bottom wall. Periodic boundary condi-
tions are applied in the lateral directions. No scalar transport due to surface cooling
or stratification is incorporated. The Coriolis force is neglected.

The goals of this work are to study the mechanism and dynamics of Langmuir
circulation, and to verify whether the wave-current interactions generate Langmuir
circulations in the way predicted by the Craik-Leibovich theory. In particular, the

objectives are:

e To develop a computational model capable of capturing the flow structures due

to the interactions of surface wave and wind-driven current:
e To study the structure and properties of Langmuir circulations:
o To evaluate the effects of the Eulerian mean flow on wave-current interactions:

e To assess the influences of Langmuir circulation on the wave field, and the

modulation of the wave on Langmuir circulations.
o To investigate the cell merging process;

o To evaluate the contribution of Langmuir circulations to vertical mixing by
comparing the flows with Langmuir circulations with a regular open channel

flow;

e To justify the averaging in the Craik-Leibovich theory by comparing CL simu-

lations with wavy simulations.
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1.4 Layout of the Dissertation

The rest of the thesis is organized as follows. In chapter 2, we present the mathe-
matical bases for simulating a generalized three dimensional turbulent flow under a
wavy surface. This is followed by a discussion of the numerical methods in chapter 3.
In chapter 4, two dimensional wave motion under a free surface is studied. Both
inviscid and viscous solutions are obtained. Chapter 5 examines the laminar wavy
flow. Langmuir circulation structure and properties are studied, Eulerian mean flow
effects are evaluated, and comparisons between the wavy case and the Craik-Leibovich
theory are made. Langmuir turbulence in a wavy domain is presented in chapter 6,
together with a simulation based on the Craik-Leibovich theory, and a simulation of
open channel turbulent Couette flow. In addition to analyzing the characteristics of
Langmuir turbulence, the limit of validity of the Craik-Leibovich theory is discussed
and the mixing due to Langmuir circulations is evaluated. Finally. conclusions and

future work are discussed in chapter 7.
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Mathematical Formulation

2.1 Introduction

In this dissertation, two sets of governing equations are used: the Navier-Stokes
equations and the Craik-Leibovich equations. The Navier-Stokes equations are solved
in both Cartesian and curvilinear coordinate systems. The Craik-Leibovich equations
are solved in a Cartesian system.

The Craik-Leibovich equations resemble the Navier-Stokes equations except that
they have an extra source term due to averaging over a wave period. The boundary
conditions applied to the flow in a curvilinear system are more complex. For this
reason. the Navier-Stokes equations in a cuivilinear coordinate system are chosen
as the typical case in this chapter and the next. The physical problem is three
dimensional turbulent flow under a wavy surface. The differences in the governing
equations and the boundary conditions for other cases will be presented later.

The governing equations and boundary conditions are first presented in a Carte-
sian system in section 2.2. The filtered equations for large eddy simulation and the
turbulence model used are given in sections 2.3 and 2.4, respectively. In section 2.5,
the equations are transformed into a curvilinear coordinate system. Finally, in sec-

tion 2.6, statistical equations for turbulent flows are presented.

2.2 Governing Equations and Boundary Conditions

The physical domain for the flow under a wavy surface is sketched in Figure 2.1. The
wavy top surface has the form of a second order Stokes wave. The other surfaces are
flat. The flow is treated in a coordinate system moving at a constant speed equal to
the phase speed of a propagating, non-deforming wave. Thus the shape of the domain

remains fixed in time. The flow is viscous, incompressible, and of constant density.
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It is driven by the surface wave propagation and a tangential stress applied on the
top surface. Gravity is the only body force. The Coriolis force is neglected.

The flow is non-dimensionalized using the half mean depth of the domain, k, as
the length scale and a characteristic Stokes drift velocity, S = €2C% /2, as the velocity
scale, where € = ax? and C?¢ = ¢9/x? represent the slope and the phase speed of the
Stokes wave, respectively, with a as the wave amplitude, o¢ the radian frequency and
x2 the wavenumber of the Stokes wave, where the superscript d denotes a dimensional

quality. The non-dimensional quantities are:

¢ sd ¢ L4
(zimLeyLy) = (3552 (2.1)
¢ Cd
(nCu) = (F,=2) (2.2)
g
t = tT“ (2.3)
d
p /.
P = ig (2.4)
dr,,dy2
P (ur) o
Ta = m (2.5)
(Keshyypt) = (k2h,n,%h, p?h) (2.6)
d §
Re. = “U—h Re,=% (2.7)

where r;.r;, and z3 lie in the streamwise, spanwise and vertical direction of the

domain. respectively. The domain extent is represented by:

whete 7, is the height of the wave (Whitham 1974):
€ e .
Ns = — cos(K.21) + — cos(2K,z,) (2.9)

K’I T

and

e , 3 2.10
k= 5 coth(2n) [1 ¥ Zsinh?(2r) -
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In the above equations, 4 is the amplitude parameter of the second component of the
wave, u; is the z;-velocity component, t is time, p represents the modified pressure
(hydrostatic component subtracted), C,, denotes the phase speed of the wave, 7.
represents the tangential stress at the top surface and &, represents the wavenumber
of the spanwise periodicity.

After the nondimensionalization, the Navier-Stokes equations can be written in

Einstein summation form as:

6u,~

= - 9

5 = O (2.11)
Ou;  Oumu; _ Op 1 9%y 5 19
gt * dz; Oz + Re, 0z ;0z, (2.12)

Boundary Conditions

Periodic boundary conditions are used in both the z; and z; directions. It is justified
if the domain is large enough to allow periodicity not to affect the results. For flows
with Langmuir circulations developed under a wavy surface, as in this case, L, and
L, should also be multiples of the surface wavelength in the streamwise direction
and the Langmuir circulation wavelength in the spanwise direction, respectively. The
selection of the physical domain size in the simulation will be discussed in chapter 3.

A no-slip condition is imposed on the bottom wall, which, in'a moving coordinate

system, carries the boundary conditions:
Uy +Cu=ur=u3=0 (2.13)

These conditions are suitable for Langmuir circulations formed in a shallow lake or a
laboratory flume.

On the upper surface of the domain, two types of conditions are specified: kine-
matic and dynamic boundary conditions. The former condition states that a particle
on the wavy surface remains on the surface. The latter imposes the conservation of

momentum on the air-water surface.
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Kinematic Boundary Condition

According to Mei (1983), the kinematic condition can be written as:

an, ans Ons
= ug — Uy o> — 2.14
ot ~ T "z, ~ "oz, (214)
since 7, is a function of z; only, equation 2.14 can be simplified to:
on,
= 2.15
Us U azl ( )

Dynamic Boundary Condition

Consider a curvilinear coordinate system (n!,72,1°) that is fitted to the wavy top,
with 7! being the tangential coordinate on the surface in the streamwise direction, 5?
the spanwise coordinate; and 7> the normal coordinate. If the inertia of the surface is
negligible. the dynamic boundary condition requires that the normal stress, 7,3,3, and
the tangential stresses, 7,13 and 7,2, be continuous across the air-water surface. The
detail derivation of the dynamic boundary condition in a general curvilinear system
can be found in Scriven (1960). For a water wave with a constant tangential stress

applied along n! direction, the dynamic boundary conditions are:
pp g"N

P = P+ mp,0 (2.16)
Tigd = Tair = Re?/Re, (2.17)
Thagps = 0 (2.18)

where P is the total pressure that includes the hydrostatic components. It has been
assumed that surface tension and the viscosity of the air are negligible.

For real water waves, all three dynamic boundary conditions (equations 2.16 to
2.18) must be satisfied. The shape of the wave changes with time, thus the surface
height is one of the unknowns to be determined. In the present study, as a first
approximation, the shape of the top wavy surface is fixed and is a second order
Stokes wave. As suggested by Nepf (1992), the assumption of a second order Stokes

wave is reasonable, at least for waves generated in the laboratory. Furthermore, this
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assumption saves a substantial amount of computational effort.

However, with this assumption, the three dynamic boundary conditions (equa-
tion 2.16 to 2.18) can not be satisfied simultaneously. If the tangential stresses are
specified, then the normal stress condition can not require that the air side pressure is
a constant. Extra normal stress are needed to maintain the wave shape (Craik 1982).
Thus, in the present study, only the two tangential stress conditions are specified

explicitly:

Tmnt = Re?/Re, (2.19)

Ty = 0 (2.20)

The pressure is determined implicitly from the momentum and continuity equations

on the boundaries.

2.3 Filtered Governing Equations and Boundary
Conditions

In large eddy simulation, only the large scale motions of the flow are computed ex-
plicitly. These components are called the resolved motion and are obtained via a

filtering process, defined as:

F(z1,22,73) = /D ﬁl:G,-(:c;,z:-)f(zl',xg',:1:3')d:z:1'd:z2'd1:3' (2.21)
where D denotes the whole domain and G; is the filter function. The filter can be
Gaussian or sharp cutoff type used in spectral methods (Piomelli et al. 1987) or, as
in this dissertation, a box filter which is appropriate when finite volume or finite
difference methods are used. In this case, G; is unity within a grid volume and zero
elsewhere.

When applying the filtering process to the governing equations, one important
issue is to decide whether filtering and differentiation commute. Ghosal and Moin

(1993) proposed an alternative definition of filtering and showed that filtering and
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differentiation operations can commute to second order accuracy in the grid width.

Using this property, one can derive the filtered Navier-Stokes equations:

ag;

gui 2.92

7, 0 (2.22)
ou, odum; _ 0p 1 0% dgy 55
5 T dz; Oz + Re, 3z? ~ 9z, (2:23)

where ¢;; is the anisotropic part of the subgrid-scale stress tensor, Ty = UG, — Ulj,
which represents the effects of the subgrid motions. The isotropic part has been
lumped with the pressure. The reason for splitting the subgrid stress into two parts
is that only the anisotropic part is modeled explicitly by the subgrid model described
in section 2.4.

The periodic boundary conditions are unchanged by the filtering process. The

boundary conditions at the bottom surface become:
UH+Cu=U=U3=0 (2.24)

The filtered kinematic and dynamic boundary conditions are:

Ins
U3 = U 2.2
uz “‘61-1 (2.25)
- Re?
Tpigs = R—e, (2.26)
Ty = 0 (2.27)
In equation 2.25, it has assumed that
on, ons
=T 2.2
“ 0z, “ 0z, (2.28)

It is not difficult to prove, with the aid of Taylor expansions, that, if the wave shape
is smooth enough, with the box filter used in this study, the assumption 2.28 results

in a second order error.
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2.4 Subgrid Turbulence Model

First proposed by Deardorff (1970), the basic concept of large eddy simulation (LES)
is to explicitly compute the resolved motion and to model the effect of the subgrid
scales. LES is an effective tool for simulating turbulent flows. Since the momen-
tum transport is carried by large, energy-containing eddies, the computed turbulent
flows are less sensitive to the accuracy of the model in LES than Reynolds averaged
calculations.

The widely used model in LES was proposed by Smagorinsky (1963):

qi; = —QllgS,'j (2.29)

where g;; is the anisotropic part of the subgrid-scale stress tensor, Tijy V¢ is eddy

viscosity, and S;; is the strain-rate tensor:

-2 = 1 0u; Ju; = —=
=C S, Si=-(—m+=2L S| = (25,,5;.)\/? 9.
vy = CA’[S], 5 (axj + 31‘.')’ IS] = (25;;845) (2.30)

|

where C is the parameter to be determined; A is the filter size. The reason why
the anisotropic part of the subgrid stress tensor (which is trace-free) is used in the
left hand side of equation 2.29 is that the right hand side of the equation is trace
[ree for incompressible flow. This equation can be derived in a number of ways, one
of which is to assume that the smallest resolved scales are in the inertial subrange
(Ferziger 1998) and to set the energy transfer from the large eddies to the small eddies
equal to the energy dissipation rate in the small scales.

The dynamic subgrid model (DSM) developed by Germano (1991) is used in this
dissertation. In the DSM, the coefficient C in the above equations is determined
through a dynamic process described below.

We apply a second test-scale filter with size A > & to the grid-scale filtered
equations 2.22 and 2.23. The subgrid scale stress that needs to be modeled in this

process is:
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This stress tensor is related to the original 7;; through the so-called Germano identity:
Ly=T;-7 (2.32)
where L;; is essentially the Leonard stress:

o—

Ly =uu; —

It

=

iU, . (2.33)

If we assume the subgrid stresses 7;; and 7;; are approximated by the model given
by equation 2.29 with the same coefficient C, the anisotropic part of T;; is modeled
by:

=2 =~ =
Qi; = —2CA |5]5;; (2.34)
where
= 1 l‘; l:j = = =
i = 5050+ 7a: = (25,5,)"? 2.35
S'J 2(61'] + 31‘; )7 ISl ( J J) ( 33)

Now we substitute equations 2.29 and 2.34 into equation 2.32. This results in:
Li; = —2CA°M;; (2.36)

where

~

My = (A /B35 - 5[5, (2.37)

Since both sides of equation 2.36 (except C) can be computed from the resolved

field in LES, C' can be determined. However, because C is a scalar and £;;, M;;

are tensors, C is over-determined by equation 2.36. Germano suggested solving this

problem by contracting equation 2.36 with S;;. This approach was later improved by
Lilly (Lilly 1992) who calculated the model coefficient C in a least square manner:

——— 2
T (2.38)

CA’ = -
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The dynamic subgrid model has been successfully applied to LES of transitional
and turbulent channel flows (Germano et al. 1991) and to both compressible and in-
compressible isotropic turbulence (Moin et al. 1991). It has shown several desirable
features. First, it automatically produces a decaying coefficient of C near a wall. Sec-
ond, for laminar flow, the dynamic subgrid model also exhibits the correct behavior.
Third, it allows back scattering in turbulent flows through negative eddy viscosity, a
process observed in DNS (Piomelli et al. 1991).

Unfortunately, one of the major problems this model suffers from is the insta-
bility caused by large negative C, which results in a large negative eddy viscosity
(Cabot 1991). A large eddy viscosity generally results from a small denominator
in equation 2.38. This happens when little energy is carried by the resolved high
wavelength eddies (Ferziger 1998) and can result in a long correlation time of C
(Lund et al. 1993). Several methods have been proposed to cure this problem.

One method is to simply clip the eddy viscosity to the negative of the molecular
viscosity, —v. That is, if v, < —v, set v, = —v. This approach, though somewhat ad
hoc, can prevent the total viscosity from being negative.

An alternative is averaging. Prior to computing the parameter C, the equa-
tion 2.38 is averaged to produce:
< LijM;; >

—_——— 9
2< A’[,'jl"[,'j > (-'39)

CA’ =
where <> means averaging over a spatial direction to which the flow is homoge-
neous. Garg (1996) applied this approach successfully in his stratified channel flow
simulations.

For flows with less homogeneity, Piomelli (1992) cures the negative eddy viscosity
by a combined averaging in both time and a local spatial region. The size of the
spatial region is big enough to smooth the parameter variation but smaller than the
scale of inhomogeneity.

In this thesis, a combination of the first two approaches has been implemented.

The third approach to be implemented in future work.
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2.5 Transformed Governing Equations and Bound-

ary Conditions

The filtered equations and the boundary conditions (equation 2.22 to equation 2.27),
combined with the turbulence model described in section 2.4, form a closed system.
To solve this system numerically, the wavy physical domain in the Cartesian system
(z1, 22, z3) is transformed into a rectangular computational box in a curvilinear sys-
tem (£',£2,£%). The discretizations are performed in the computational domain. As
pointed out by Zang (1994 ), this approach enables us to treat the boundary conditions
accurately and conveniently. In order to prevent extra terms from being generated by
the transformation, only the independent variables are transformed. The Cartesian
velocity components remain as the dependent variables in the transformed domain
(Shyy and Vu 1991).

In the present study, an orthogonal transformation is used. Compared with a non-
orthogonal transformation, it simplifies the numerical problem greatly. The detailed
form of this orthogonal transformation will be given in Chapter 3. The rectangular
computational domain after the transformation has unity grid spacing in all directions

and is represented by:
0<¢'<ni-2, 0<€<nj—-2 0<E<nk-2 (2.40)

Where ni, nj, and nk are the numbers of grid points used in the streamwise, spanwise,
and vertical direction in the curvilinear system, respectively, including the two ghost
points employed in each direction for boundary condition implementation. The two
surfaces in the streamwise direction of the physical domain are mapped into £! = 0
and §! = ni — 2, respectively. Likewise, £2 = 0 and £2 = nj — 2 represent the physical
boundaries in the streamwise direction; and £° = 0 and £3 = nk — 2 the bottom and
top surfaces. The ghost point approach will be discussed in section 3.2.
Applying the chain rule of derivatives to equations 2.22 and 2.23, we have:
9 o™ 0

= 2.
dr; Oz; gt™ (241)
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Then we multiply the resulting equations by the inverse of the Jacobian J-! =

det( i"’—) and utilize the identity:

3Em
0 10"
—_— —_) = 2.42
5o =0 (2.42)
Then we obtain the transformed governing equations in “Strong-Conservation-Law-
Form™:
au™
= _ = 2.
gem ‘ 0 (2.43)
aJ 'u; aF" -
i = ) 9
FTa o Si (2.44)

where U is the volume flux in the ™ direction and G™" is called the “skewness

tensor”. They are defined as:

U = J_laTﬁj (245)
J
_ a{-m agn
mn 1 9
¢ 61',- 61:, (~.46)

One of the valuable properties of the skewness tensor is that, for an orthogonal trans-
formation. such as the one used in this study, the off-diagonal terms of G™" are
identically zero.

The terms F;' and S; on the right hand side of equation 2.44 are:

S m 1 ;
F' =T Ei+J“%%p“—(ut+Re )Gm"%-, (m = n) (2.47)

1a€m agn Ov, aﬁj
Oz; Oz; O™ gE™

§1=J_

where the turbulence model presented in equation 2.29 has been applied.

After the transformation, the periodic boundary conditions in the streamwise and
spanwise directions now apply to the boundaries in the computational domain. The
bottom boundary conditions in equation 2.24 are applied on the surface £3 = 0.

The kinematic boundary condition in equation 2.25 can be written in a simpler
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form in the curvilinear system as follows. Substitute equation 2.25 into the definition

of T in equation 2.45, the volume flux on the top boundary becomes:

g o€ o,

A)
6:1:1 623 61‘1 (-49)

U° = J'gy(

Since the top surface is represented by é* = nk — 2 in the curvilinear system, and &3

is obtained by a transformation of the following form:
& = f(z1,23) (2.50)
where r3 = 1 + 7,(z,) at the surface, the top surface shape can be written as:
£ = f(z1,1 +15(z1)) = nk - 2 (2.51)

Taking the derivative of equation 2.51 with respect to z; results in:

0g° | 98 o, _ :
7t 252 =" (2.52)

By substituting equation 2.52 into equation 2.49, the kinematic boundary condition

now becomes:
=0 (2.53)

This equation implies that the normal flux at the top surface is zero. This guaran-
tees global conservation of mass: there is no flux across the bottom boundary; the
fluxes across the boundaries in streamwise direction cancel out due to the periodic
boundary condition and so do the fluxes in the spanwise direction. Thus the total
mass accumulation in the domain is zero.

The tangential stresses in equation 2.26, 7,13, becomes T¢1: in the current curvi-
linear system. According to Goldstein (1952), the non-dimensional tangential stress
can be written as:

_ hi 8 u(l), hs 3 u(3)

_77,,1,,3 = TEIE:! = E_GF(—hl—.) h_l.afl (—,; (2-54)



CHAPTER 2 33

where h, (a = 1,3) is the scaling factor, defined as the ratio of the distance to the
coordinate difference if an infinitesimal displacement is made in € direction. For
orthogonal transformation, h, = /g% (no summation on a) (Aris 1989), where g'i

is related to the skewness tensor G/ defined in equation 2.46 by:
g7 =G9! (2.55)

Z(a)(a = 1,3) in equation 2.54 is the physical component of the resolved velocity
in £* direction in the curvilinear system (Note that it is different from @, in the

Cartesian system). It can be computed from the contravariant velocity (Aris 1989) :
T(a) = h, V" (2.56)

The contravariant velocity V* is connected to the volume flux U'° defined in equa-

tion 2.45 as:

(8]
(1]
-1
—

Ve =g %
Therefore, the dynamic boundary condition in equation 2.26 now becomes:

[G 3 U /G“ Re? ‘
Gll 863 J l G%agl J l es (258)

Since the kinematic boundary condition requires T to be identically zero along

the top surface, where £ = nk — 2, the second term of the left hand side in the

above equation reduces to zero. Thus the dynamic boundary condition specified in

GB 9 U Re?
VGia fs(J 1) = Re, (2.59)

Similarly, the dynamic boundary condition specified in equation 2.27 becomes:

equation 2.26 becomes:

o T

a—fa'(}j) =0 (260)
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2.6 Statistical Equations

Turbulent flows are usually described in terms of the mean properties and the fluc-
tuations. This is achieved by decomposing each variable into mean and fluctuating
components. The mean component of a variable ¢ is represented as < @ >. The an-
gular brackets denote ensemble averaging, which means time averaging for turbulent
flows that reach a statistical steady state, and averaging over homogeneous directions
if there are any. The fluctuating component is denoted as ¢"” and is the difference
between the instantaneous value and the mean value, ¢— < ¢ >. Obviously, the
operation of emsemble average and those of addition and differentiation commute.

In the present study, statistics are collected from the turbulent flow based on the
mean momentum equations and the resolved Reynolds stress equations.

The mean continuity and momentum equations are obtained by applying ensemble

averaging to the filtered equations 2.22 and 2.23:

Uie + (Uil7); = —<p>i+rl+10 +1], (2.62)

In the above equations, a comma followed by an index implies a partial derivative in
the spatial direction specified by the index. U; is the mean velocity component in z;

direction, defined as:
Ui = <u; > (2.63)

The corresponding fluctuation components are:

u! = i -U; (2.64)

1

p = p—-<p> (2.65)

. 77" and 7]; on the right hand side of equation 2.62 represent the ensemble av-

il

eraged stress due to molecular viscosity, the ensemble averaged subgrid-scale stress
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(anisotropic part), and the resolved Reynolds stress, respectively:

T = 2/Re, <S; > (2.66)
T{}fq’ = =<K g >= 2< Ug?ij > (2-67)
T o= = <ujui> (2.68)

And the total stress, 7',-‘;"“‘ is the summation of the above three components.

If we subtract the mean momentum equations 2.61 and 2.62 from the instanta-
neous equations 2.22 and 2.23, we obtain the continuity and momentum equations
for the fluctuating component. We multiply the momentum equation for u! by uy
and multiply the momentum equation for u} by u{ and then add the resulting two
equations. After applying ensemble averaging, we obtain the transport equation for

the resolved Reynolds stress:
<ujui >=Cij+ Pij+ T + i+ ¢ + Dij + 655 + T2 + &) (2.69)

where the terms at the right hand side are defined as follows:

Cij = =Ux < ujul > Mean velocity transport

Pij = ~(Uix < vjuj > +Ujx < uju! >) Production rate

T = - <ujujuy > Turbulent transp'ort rate

I = —(< p"u] > + < p'uf > ;) Pressure transport rate

¢i; =2 < p"Sli > Pressure strain redistribution
D;; = R%, < ujui >k Viscous diffusion rate

€ij = _ﬁ%’. < ufpuly > Viscous dissipation rate

T7° = —(< qiuf > + < gfpul >)x SGS transport rate

£ =< qhuly > + < gful > SGS dissipation rate

where ¢} = ¢;;— < ¢;; > and S}; = 5;;— < S;; > are the fluctuating components of
the subgrid-scale stress and the resolved strain-rate tensor, respectively.
The above statistical equations are written in the Cartesian coordinate system. To

calculate each term numerically in a curvilinear system, the chain rule in equation 2.41

needs to be applied.
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L,

Figure 2.1: A sketch of the domain for 3D wavy flow.

36



Chapter 3

Numerical Methods and

Implementation Issues

3.1 Introduction

The numerical method is adapted from the finite volume approach developed by Zang
et al. (1994). Two sets of variables are employed on a non-staggered grid layout:
the velocity and pressure components at the center of a control volume, and the
contravariant volume fluxes on the surfaces of the control volume. With the non-
staggered grid. a substantial saving in computational memory for the metric terms
is achieved relative to the staggered-grid approach. At the same time, the accuracy
of the algorithm is maintained by avoiding averaging of metric terms. By using the
contravariant fluxes, the pressure Poisson equation is derived in a manner similar to
that in the staggered grid approach. It guarantees mass conservation to machine zero
at every time step.

In the present study, both the kinematic and the dynamic boundary conditions
on a wavy surface are incorporated into Zang’s algorithm. Several modifications
are made. First, in Zang’s method, central differencing is used for the spatial dis-
cretization except for the convective term, where a quadratic upstream interpolation
scheme. QUICK (1979), is applied to improve the stability. However, as pointed out
by- Ferziger and Peri¢ (1997), upstream differential methods introduce false diffusion,
whereas central difference schemes do not. Thus, central differencing is used for all
spatial discretizations here. Second, in Zang’s method, the three dimensional multi-
grid method is used to solve the pressure Poisson equation. In the present case, the
grid stretching used in the vertical direction adversely affects the speed of convergence.
This problem is solved by applying multigrid method only in the lateral directions,

with the vertical direction solved implicitly. Third, the code has been rewritten in a
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more modular way and has been optimized further for the specific cases studied.
The layout of this chapter is as follows. In section 3.2, the grid generation and
metric term computation are presented; In section 3.3, the selections of the domain
size and the grid spacing are described . The discretization of the governing equa-
tions and the fractional step method used by Zang et al. (1994) are summarized in
section 3.4. The discretization of the boundary conditions for the wavy domain is de-
rived in section 3.5, The overall solution procedure is presented in section 3.6. Finally.

implementation issues are discussed in section 3.7.

3.2 Grid Generation

3.2.1 Coordinate Transformation

The physical domain shown in Figure 2.1 is first transformed into a rectangular do-
main in space (n', 7%,7%). The dimensions of the domain in the streamwise and span-
wise directions are the same as of the physical domain, whereas the domain depth
becomes 2 — 0.5¢? /k.coth(2x; ), where &, is the wave number and ¢ is the wave slope.

The transformation is:

o € sin(k.n')cosh[rz(1 + p°)]

Iry =

K sinh(2x.)
sl o1 : 3
r, = p . \ (3.2)
r3 = n3+:—rcos(“’"sg:}?g::)(l+7l )]
Db 9 3 .
ity ) oyl o) s

Since the wave height is constant in the spanwise direction, nothing is done to z;. The
transformation on z;, and z3 is orthogonal because it satisfies the Cauchy-Riemann
conditions:

o, _ Oz3 oz, _ _az3

ont — o ol on? (3.4)
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The discretization is then performed in (n!,72,7°%) space. Uniform grids are used
in both streamwise and spanwise directions. Non-uniform grids with a hyperbolic
tangential stretch (Piomelli et al. 1987) are used in the vertical direction. This dis-
tributes more grid points near the bottom and the top surfaces, where viscous bound-
ary layers need to be resolved.

For implementation convenience, the domain in (5',75?%,1%) space is transformed
again into the final computational space (¢!, £2,£3), in which the grids are uniformly
distributed in each direction with unity spacing. The ghost point approach is em-
ployed to implement the boundary conditions. This method can be described with
the aid of the one-dimensional sketch shown in Figure 3.1. There are ni grids in £
direction. The computational nodes (i = 1 to ni) are located at the centers of the
grid cells. The boundaries of the physical domain are mapped to the east surfaces of
the first and the (ni — 1)st grids, with the coordinates £' = 0 and €' = ni — 2, respec-
tively. The coordinate of the ith node is €' = i — 1.5. The first and last nodes are
the ghost points that lie outside the physical domain: and the rest of nodes are inside
the physical domain. The same layout also applies to the 2 and £ directions. The
advantage of this approach is that no special treatment of the spatial discretization
is needed near the boundaries.

The transformation from (€', £2, £3) space to (!, 92, p3) space is:

o= & (3.5)
ni—2°
2 _ _&
L oo
2 263
7 = l(l—e—cot:h(2lcx))ta.nh [tanh-l(a)( % ;DI +
a 4":1. nk —2
€2
—coth(2«;) (3.7)

4K,

where ni, nj, and nk are the numbers of grids in the £, £2 and € directions, re-
spectively; and a (0 < a < 1) is the parameter for the grid stretching in the &3

direction.
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3.2.2 Computation of Metric Terms

The coordinate transformation is reflected in the governing equations and bound-
ary conditions by the metric terms. For a non-orthogonal transformation, a set of
16 metric terms needs to be calculated (Zang et al. 1994). They are: 1 inverse of
the Jacobian J~!, 9 surface metric terms J‘l%gzz. and 6 non-trivial elements of the
symmetric skewness metric tensor G™". For the orthogonal transformation in sec-
tion 3.2.1, only the three diagonal elements of G™" are non-zero. Since the wave
shape does not vary in the spanwise direction, only 5 of the 9 surface metric terms
are non-trivial. Therefore, the storage is needed for a set of 1 + 3 + 5 = 9 metric
terms. Furthermore, due to the two-dimensionality of the surface wave, the metric
terms can be stored in a two dimensional array of size (ni x nk) instead of a three
dimensional array of size (ni x nj x nk).

The inverse of Jacobian and the non-trivial surface metric terms can be written

in terms of gT’,:; as follows:

gt = Sz bmibs bzibas
- 6€2 " 6€1 663 8€3 61

651 6.1?2 61‘3 J—lgf_l _ _61‘2 61‘1

) (3.8)

_1_—- = ey — = .o .
T a 562 663" dz;  6€2 663" (3.9)
- 663 61’2 61‘1 - 353 6.’62 6.’[3
l— et e g l— e m— ——,
T m T e Ve e (3.10)
- 652 -1 ,92;
1 - 1 :
J 3o J /552 (3.11)

The symbol é denotes a finite difference approximation. It is found in the right
hand side of above equations, because all the metrics are computed using central
differencing rather than analytical values. Numerically computed metric terms guar-
antee that the metric identity in equation 2.42 is satisfied to machine accuracy. This
important condition is necessary for the derivatives in the transformed equations to
vanish when the physical variable is uniform (Thompson et al. 1985).

The non-trivial skewness metric terms can be calculated from their definitions:

_ a&l 361 36‘ asl
1 _ 1
G =J 01'1 3:1:1 + a.’Ba 6.’133 (312)
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196 9¢°

22 __ 1

G? = J 3o o, (3.13)
J—l 863 663 653 663

0z,0z, Oz;0z1; (3.14)

G33

where the right hand sides of the above equations can be calculated using equations 3.8
to 3.11.

The definitions of the two sets of the variables, i. e., the velocity components and
pressure at the center of the control volume, and the contravariant volume fluxes on
the surfaces, require that the metric terms to be calculated at different locations.
For a control volume, J~! denotes the value at the center of the control volume;
J-ree J"g% and G are the values at the east surface; J‘lgf__% and G?? at the

oz
front surface; and J“?{%,J"%ﬁ% and G* at the north surface.

3.3 Domain Size and Grid Spacing Selections

Given the limitations of the number of grid points allowed by the available computer
power. the choice of the grid locations should be optimized based on the physical
properties of the flow. The grid size has to be small enough to resolve the important
flow structures and the resolved flow should contain as much energy as possible. On
the other hand. the domain has to be big enough to include the largest turbulent
coherent structures, so that the periodic boundary conditions (chapter 2) will not
affect the numerical results.

For the three dimensional turbulent flow under a wavy surface in the present
study, the grid selection depends on the properties of both the turbulence and the
Langmuir circulations.

In order to use periodic boundary conditions in the lateral directions, the stream-
wise and the spanwise dimensions should be multiples of the wavelength of the
Stokes wave and the Langmuir circulation, respectively. These two wavelengths
are determined according to the typical field observations of Langmuir circulations
(Smith 1992, Smith et al. 1987). In the present study, the nondimensional wavenum-

bers of the Stokes wave and the Langmuir circulations, normalized by the half mean
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depth of the domain, A, are:
k=135, Kk, =1.56 (3.15)

Further details of the physical parameter selections will be given in chapter 6.

The periodicity lengths in the lateral directions are also guided by the biggest
turbulent structures observed in the experiments by Comte-Bellot (1963) and the DNS
simulations by Kim et al.(1987) of turbulent channel flows. Both the experiment data
and the DNS results show that the correlation of the velocity fluctuations between two
points vanishes beyond a streamwise distance of 3.2k and a spanwise distance of 1.6h.
Thus, a domain with approximately 6.44 in streamwise direction and 3.24 in spanwise
direction would justify the use of the periodic boundary conditions. Therefore, in the
turbulent wavy case, three wavelengths of the surface wave and one wavelength of

the Langmuir circulation are chosen as the domain size:

f)
L.=3T"=1256, L, =

Kz

(3.16)

> | =

< |=!
i
e

In choosing the grid size. one has to consider the thickness of the viscous sub-
layers and the turbulent structures formed in the vicinity of the bottom non-slip
wall that are known as longitudinal streaks (Comte-Bellot 1963, Kim et al. 1987,
Handler et al. 1993). In addition, the structures due to the wave motion, such as the
thickness of the viscous wavy boundary and the thickness of the downwelling zone of
the Langmuir circulations, should also be taken into consideration.

The thickness of the viscous sublayer under the top surface is around 5 v/u. units,
where u. is the friction velocity at the top surface, and v the molecular viscosity. On

the other hand, the thickness of the wavy boundary layer is given by:

d 2v
oy, = ‘/m (3.17)

where C¢ and «,? are, respectively, the dimensional phase speed and the wavenumber
of the surface wave. As will be shown in chapter 6, for the turbulent wavy case, the

nondimensional wavy boundary layer thickness (based on &) is 6, = 0.009. In wall
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units, the wavy boundary layer thickness is % = 0.009Re. = 0.9, where Re. =
100 for a typical 3D wavy turbulent case.

Hyperbolic tangential stretching is applied in the vertical direction (section 3.2).
In equation 3.7, larger « distributes more grids near the top and bottom boundaries.
In this study, 64 grids are used between the two boundaries, with a = 0.98. As a
result, the first grid is 0.15 wall unit away from the boundary; the largest grid near
the centerline is 7 wall units; there are 3 grids inside the wavy boundary layer and 9
grids inside the viscous sublayer.

From the experiments (Comte-Bellot 1963), the longitudinal streaks have an av-
erage spacing of 100 wall units in the spanwise direction, and an average length of
440 wall units in the streamwise direction. Therefore, for the turbulent wavy cases
under study, where Re. = 100, the nondimensional average streak spacing and length

(based on h) are, respectively:

100 440
/\2 = 72-6—: =1, /\1 = R—e: =44 (318)

Assume that at least 4 points are needed to resolve each streak, then. with uniform
grids in the lateral directions, the minimum numbers of grids in the streamwise and

the spanwise direction (including 2 ghost points) are:

nimi,,=-§—f-x4+2=l4, njm,-,,=/[\'—:x4+2=18 (3.19)

Li and Garrett (1993) solved two dimensional Craik-Leibovich equations and
performed a scaling study on the Langmuir circulations. They suggested dividing
each Langmuir circulation into four regions, as shown in Figure 3.2: (1) a narrow
downwelling region of spanwise thickness 83, yeiing ~ O (La‘/ 2/\Z) between the two
counter-rotating Langmuir circulations, (2) a surface boundary layer region of vertical
thickness §¢ ~ O (Lal/z)\g) beneath the surface wave, (3) a corner region that is the
intersection of the first two regions, and (4) an advection region that is the rest of
the Langmuir circulation. In the above expressions, A\? and A are the (dimensional)
wavelength of the surface wave and the Langmuir circulation, respectively, and La

is the laminar Langmuir number. The definition of the Langmuir number will be
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discussed in chapter 5, in which our modification to the Langmuir number used by
Li and Garrett is present. '
For the turbulent wavy case, La ~ 4 x 10~%. Therefore, the nondimensional

thicknesses (based on k) of the downwelling zone and the surface boundary layer are:
Sdownwelling = 0.083, &, = 0.08 (3.20)

In wall units, the thickness of the surface boundary layer is 6} = 0.08 Re. = 8.0. Thus
the surface boundary layer is thicker than the viscous sublayer, which is well resolved
with the stretched grids. For the narrow downwelling zone, however, assuming at least
4 grids are needed to resolve it. Then, with a uniform grid, the minimum number of
the spanwise grids (including the 2 ghost points) is:

njm,-n=#——x4+2=202 (3.21)

6downwelling
In addition, because three wavelengths of the surface wave are included in the
domain. each wavelength needs a reasonable number of grids to resolve the flow
motion beneath it.
Summing up all the information, for uniform grids in the lateral directions, the

following values of ni and nj are recommended:
nt =66 nj=202 (3.22)

However, due to the limitation of the computational resource for this study, the

numbers of grids in the lateral directions are chosen as:
ni = nj = 66 (3.23)

including the 2 ghost points in each direction. Thus, for the turbulent wavy case, the
downwelling zone of the Langmuir circulation cannot be resolved at this stage. Nev-
ertheless, McWilliams et al. (1997) suggested that the downwelling zone is broaden
by the turbulent mixing. Thus, we expects that the problem caused by the number

of grid points in the spanwise direction is not serious.
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3.4 Numerical Discretization

3.4.1 Temporal Discretization

For time advancement, the convective term is treated explicitly with the Adam-
Bashforth scheme. The viscous diffusive term is advanced with the Crank-Nicolson
scheme. The motivation of treating the viscous term implicitly is to remove the severe
time-step restriction of an explicit scheme, caused by the refined grids near the wall.
For the current numerical method, the maximum time step is determined by the CFL

condition:

— — —3,. At
CFL=maz (T + O+ 07, <T~1 (3.24)
Jlg g
Experimentation with the code showed that practically the maximum CFL number

is around 0.4.

3.4.2 Spatial Discretization

For spatial discretization, central differencing is used. The values of the velocity
components and pressure on a cell surface are obtained with linear interpolation
(second order accurate). Since the grids are all of size unity in computational space,
the form of the first and second order partial derivatives in the governing equations

can he written: (with £! direction as an example)

sf

(651 i = fiur—fioy (3.25)
6 6
(327(9%)):’ = Gipt(firr = fi) = gi_1(fi = fim1) (3.26)

where the subscript ¢ implies the value is evaluated at the center of the ith grid, and

the subscript i + 1 the value on the east surface of the ith grid.
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3.4.3 Fractional Step Method

46

The transformed equations and the boundary conditions developed in chapter 2 are

solved with a fractional step method that closely follows the derivation by Zang

et al. (1994) for a generalized curvilinear system, an extension to the one developed
by Kim and Moin (1985), who stated that the overall method achieves a second order

accuracy in both space and time.

Three steps are involved:

1. Predictor step.

In this step, the velocity field is predicted without the constraints of the conti-

nuity equation or the pressure term:

At 3 n) _ 1 -
(I—QJ-lD3)‘I'i = J__'T[:,'C; —§C,~ +
Dy(a™) + 3]
At
([-N—_IDQ)Q,' = ‘I’i
At ()

(I -

2J_IDI)(U;—U:' ) = &

where the ADI (Alternate Direction Implicit) method has been used. ¥; and ®;

are the intermediate variables for the ADI method. The superscript (n) means

the nth time step; and

§ [ 1 va 0
b = s [+ 0o

where a = 1,2,3, with no summation on a.

)

C; = —6—6-';(—(7"15{)
é 1 ()
Di(-) = gem [(Re + V:)Gm'@] (+),(m=1)
S, = J-l‘sf_mé_el_i'i@

61‘]' dz; 66m b€

(3.30)

(3.33)

The numerical boundary conditions for equation 3.27 on the top and bottom
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o

surfaces are from LeVeque and Oliger (1981):

m (n)
W= @ -7 Y) 4 a8

: 52, 66m (3.34)

where ¢ is the pseudo-pressure defined in the next step.

Periodic boundary conditions are used for equations 3.28 and 3.29.

Pressure Poisson equation.

The pseudo-pressure is computed:

§ ( 8"tV 1 6U™

where /"™ is the intermediate volume flux defined on the cell surface. It is

computed as:

o™
-m __ -1 . 3.
U = G (3.36)
The relation between the pressure 7 and the pseudo-pressure ¢ is:
é 6™\ At 6 _, 6™ '
5 (J 52 ”) = (1-70) g (J 5z, (337

Corrector step.
The intermediate velocities, u} and U*™, are corrected to get the true velocities.

For the Cartesian velocity defined on the cell center:

At 6 13
_(n+l) — " — -1 (n+1) .
T, u =93 5em (J 5o, é ) (3.38)

For the volume flux defined on cell surface:

(n+1)
) _ em _ A (Gm,6¢6£l ) (m=1) (3.39)
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The pressure Poisson equation was derived by Zang et al. (1994) in a similar way as
for a staggered-grid layout. A “compact” numerical operator results from discretizing
the Laplacian operator in the Poisson equation. The volume fluxes obtained at this
step satisfy the continuity equation 2.43 to machine accuracy.

To solve the pressure Poisson equation 3.35, periodic boundary conditions are
used in the streamwise and spanwise directions. At the vertical boundaries, {/*3 in

("+1) according to equation 3.39.

the right hand side of equation 3.35 is replaced by U3
Because central differencing is used, this substitution results in cancellation of the
term G”i‘%%;l—) defined on the boundary. This is equivalent to applying Neumann
boundary conditions at this boundary.

With the Neumann and periodic boundary conditions, the discretized Poisson
equation needs to satisfy the compatibility condition, which requires the summation
of the source term on the right hand side of equation 3.35 over the whole domain to
be machine zero, which is essentially the global mass conservation. Since the actual
volume fluxes {/3"*V are used in the vertical boundaries, the global mass conservation
is guaranteed.

However, these boundary conditions cause the pressure Poisson equation to be
singular, because any contant field is a solution. This problem can be cured by

subtracting the mean value from the pseudo-pressure field at each time step.

3.5 Boundary Condition Discretization

The boundary conditions listed in the last section, equation 3.34 and the Neumann
condition for the pressure Poisson equation, are derived from the specific numerical
techniques. They are only indirectly related to the actual physical boundary condi-
tions. and thus are called numerical boundary conditions. To find the final values of
the Cartesian velocities and pseudo-pressure at the ghost points at each time step, the
physical boundary conditions are needed. Furthermore, the volume fluxes also need
to be specified on the boundaries. That is, U" needs to be specified on the boundaries
in the streamwise direction; U on the boundaries in the spanwise direction; and e

on the boundaries in the vertical direction.
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In the streamwise and spanwise directions, periodic boundary conditions are used.
Therefore, ghost point values for a variable, 1, which denotes the Cartesian velocities

or the pseudo-pressure, can be computed as:

Y1k = Ynic1 ks Unijk = Y2,k (3.40)
Virk = Yimj—1.ky  Vimjk = Yizk (3.41)

The boundary values of U' and U can be calculated according to equation 2.43,
where the Cartesian velocities are obtained by interpolating the values of the ghost
point and the interior point immediately next to the boundary.

In the vertical direction, ghost point values of the pseudo-pressure are obtained

implicitly from the interior points values according to the momentum equations:

s+l _ —3(n+1)

T7=3
= Atha(U ~-T) (3.42)

where Fs(nH) is zero at both top and bottom surfaces. It is zero at the top surface
due to the kinematic boundary condition, equation 2.53; it is also zero at the bottom
surface because %3 = 0 and J"%ﬁ% = 0 there.

All that is left to calculate are the ghost point values of the Cartesian velocities
at the top and the bottom surfaces. It is straightforward to discretize the bottom
boundary condition, equation 2.24, to get the Cartesian velocities at the ghost points.
But at the top surface, both the kinematic and dynamic boundary conditions are
needed to solve for the ghost point values of the Cartesian velocities.

Consider a control volume immediately beneath the top surface, as shown in
Figure 3.3. Let us label values at the center of the control volume with subscript P,
values at the ghost point in the control volume above it with subscript N, and values
on the boundary between the two control volumes with subscript n. The kinematic
and dynamic boundary conditions in equation 2.53, 2.59, and 2.60 are discretized
using central differencing:

1 1 . 1 11
(gi)NulN‘{‘(ai)NUaN = (35 )PP + (52- o¢ )PU3P+ R 233
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= b (3.43)
3 3 3 3 1
(e + (G = =[G + (S
= b (3.44)
2 2
(g—iz)Nﬁ2N = giz) Uzp (3.45)

By solving these three equations, the ghost point values are obtained:

2 2
Ton = [(65 )p/(af )N] o (3.46)

(E‘N) = 1 ( (35 _(g%)”)(bl)(u?)
Tan (oINS — (NI \ (B ) (Z)v [ \b2)

where all the metric terms here are computed directly at the corresponding location

and not by interpolation.

3.6 Overall Solution Procedure

The overall solution procedure for one time step (n + 1) is as follows:

1. Compute the CFL number from equation 3.24, adjust the time step such that

the CFL number is less than the specified criterion.
2. Compute the eddy viscosity from the turbulence model (section 2.4).

3. Solve equation 3.27 of the predictor step in £ direction for ¥; at all the interior

nodes, using the boundary condition 3.34.

4. Solve equation 3.28 of the predictor step in £2 direction for ®; at all the interior

nodes, using periodic boundary condition.

5. Solve equation 3.29 of the predictor step in £! direction for uf — '™ at all the

interior nodes, using periodic boundary condition.

6. Compute the intermediate Cartesian velocity, u;, at all the interior nodes. Up-

date the ghost point values of u] in the streamwise and spanwise directions
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10.

11.

13.

14.

using the periodic boundary conditions.

Compute U*™ from u] on all the control volume surfaces within the boundaries,
and on the boundary surfaces in the streamwise and spanwise directions using

periodic boundary conditions.

Compute the source term of the pressure Poisson equation 3.35. using [/ 3(n+1)

instead of U*? on the top and bottom boundaries.

Solve the pressure Poisson equation 3.35 for the pseudo-pressure, ¢(**!) at all
the interior points, using Neumann boundary conditions on the top and bottom
boundaries and periodic boundary conditions in the streamwise and spanwise

directions.

Update the ghost point values of the pseudo-pressure, using periodic boundary
conditions in the streamwise and spanwise directions. and the physical boundary

condition 3.42 for the top and bottom boundaries.

Correct the Cartesian velocity components at all the interior points using equa-

tion 3.38.

Correct the volume fluxes at all the surfaces within the boundaries and on
the boundary surfaces on the streamwise and spanwise directions, using equa-

tion 3.39.

Update the Cartesian velocity components at the ghost points. Apply bound-
ary condition 2.24 at the bottom surface, equations 3.46 and 3.47 at the top

boundary; and periodic conditions in streamwise and spanwise directions.

. —3(n+1)
Update the volume flux, U 3 , to be zero on the top and bottom surfaces, as

derived in section 3.5.

Compute ¥; on the top and bottom surfaces for the next time step, using
equation 3.34 with the Cartesian velocity from last (n) and the current (n + 1)

steps and the pseudo-pressure from the current time step.
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3.7 Implementation Issues

In chapter 2 and the previous sections in this chapter, the formulation and numerical

methods were given for a turbulent flow under a wavy surface. In this section, the

development of the computational model is discussed.

3.7.1 Overview of the Computational Code

The computational code is designed and constructed for the following five types of

problems:

1.

o

Two dimensional wavy case (2Dwavy). This simulates the flow in a domain with
a wavy top and flat surfaces as the other boundaries. Navier-Stokes equations
are solved. The flow is driven by the second order Stokes wave propagating on

the top of the domain and a tangential stress applied along its surface.

Two dimensional rectangular case (2DCL). This models a flow driven by the
vortex force derived by Craik and Leibovich. Craik-Leibovich equations are
solved. The problem is assumed to be invariant in the streamwise direction, and
the numerical domain is a spanwise-vertical plane but all the three velocities
are non-trivial. The initial base flow for this case is a streamwise mean current,
which can be either linear or input by the user. The Stokes drift in the vortex
force is derived from the wave theory (Phillips 1977). Both laminar flow and
two dimensional turbulent flow (created via a specified eddy viscosity) can be

simulated.

Three dimensional wavy flow (3Dwavy). This problem is similar to the two

dimensional wavy flow except that streamwise variations are also considered.

. Three dimensional channel flow with Craik-Leibovich forcing (3DCL). This is

an extension to the two dimensional rectangular case, with considerations of

the streamwise variations.
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5. Three dimensional open channel flow (3DOChan). This case simulates a flow in
a rectangular domain driven by the tangential force on the top surface. Navier-

Stokes equations are solved.

For all the three dimensional cases, either laminar flows or turbulent flows can
be modeled with the code. The turbulence model used is the dynamic subgrid scale
model described in section 2.4.

- The first two cases are used mainly for code validation. The 2Dwavy case is tested
against Longuet-Higgins’ theory (1953). The 2DCL case is compared with the linear
stability study performed by Garg et al. (1992) using the Craik-Leibovich theory. The
3Dwavy case is for the direct study of wave-current interactions. A couple of major
production rﬁns are performed for both laminar and turbulent cases.

Steady state results from the 2Dwavy cases are also used as the initial base flows
for the 3Dwavy flows. Random white noise of small magnitude is imposed on the
base flow. The simulation results are analyzed to elucidate the underlying physics of
the 3D flow structures.

To study the effects of the wave on the turbulent flow, an open channel flow
without waves is simulated. The 3D open channel case is constructed to be as close
to the 3Dwavy case as possible to facilitate comparison.

The limit of the validity of the Craik-Leibovich theory are tested by comparing
the 3Dwavy simulations with the results from 2DCL runs, which are mainly for the
laminar cases, and the solutions from the 3DCL runs, which includes turbulent mod-
els. The base flows of the CL cases are the Stokes drift and the mean current, which
is caused by both the wave-induced Eulerian mean flow and the stress imposed on
the .top surface. Infinitesimal random noise is used as the initial perturbations. The

effects of turbulence on Langmuir cells are also studied.

3.7.2 Modularization, Vectorization, and Audit Routines

The computer codes are designed to balance performance and flexibility. There are
two types of codes, one is two dimensional, and the other three dimensional. Sepa-
rating these two codes makes each of them simpler to read and maintain and yields

improved performance and better reliability. Moreover, computational memory can
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be saved in the two dimensional cases compared with Zang’s code (Zang et al. 1994),
which has been used in both two dimensional and three dimensional problems. Each
code has a single interface that allows the various flow scenarios described in sec-
tion 3.7.1. Therefore, wavy cases, CL cases, and open channel cases can be simulated
with the same code, with minor changes to the input files.

Vectorization and modularization are two other major concerns. With the vector
architecture of the Cray J90 in the Environment Fluid Mechanics Lab at Stanford,
a single instruction can carry out operations on a string of data. Techniques such
as loop inversion and non-vectorization loop segmentation are used to vectorize the
code as much as possible. With 64 x 64 x 64 gridsi, the Navier-Stokes solver for the
3Dwavy cases achieves approximately 60 Megaflops on a single CPU, compared with
the peak 200 Megaflops per CPU of the Cray J90. If it were run on a Cray C90,
whose peak performance is 1 Gigaflops, and if the performance is scalable, the code
would run at 300 Megaflops, a good speed for a Navier-Stokes solver.

Some basic blocks such as the pressure Poisson solver. the tridiagonal solver, and
the metric term generator are built in stand-alone fashion. Their implementations
are totally separate from the main module, the Navier-Stokes solver. They interact
with the main module through application programming interfaces. Therefore, the
user of the main module does not need to know the detailed implementations behind
the interfaces. It is also easier for the code developer in that each basic block can be
tested alone, and if new algorithms are to be used in a basic block, the implementation
can be changed just within that module without affecting the rest of the code.

The computational model has been tested thoroughly. Each of the subroutines
and modules is validated with an audit routine. The audit routines were developed
separately from the subroutines. Such tests, although time consuming, are very effi-
cient in finding subtle problems in the implementation that might otherwise corrupt

the data slowly and show up only after a very long run time.

!The default notation of grid points does not include the ghost points.
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3.7.3 Poisson Solver Modification for Grid Stretching

A three dimensional multigrid method (Perng 1990) is used in Zang's algorithm to
solve the pressure Poisson equation. The solution is obtained with a V-cycle struc-
ture that contains several levels of grids. An approximate solution of the pressure
field is first obtained on the finest grid, with one to two iterations of a line-by-line
Gauss-Seidel method, called the “smoother”. Then the error in the current solution
is “restricted” to the next coarser grid, where a Poisson equation for the pressure
correction is solved with one to two iterations of the smoother. This process con-
tinues until the correction is obtained on the coarsest grid. Then, the correction is
“prolonged” to the next fine grid, where the solution on the fine grid is corrected.
This process is continued until the corrected pressure is obtained at the finest grid.

If uniform grid is used in all directions, the above multigrid method can achieve
fast convergence. However, the vertically stretched grid used in this study introduces
variation of the numerical coefficients in the vertical direction and greatly slows down
the convergence of the multigrid method. The more the grid is stretched. the slower
the convergence rate is.

We define the stretching ratio of a vertically stretched grid as:

maz(Azgr, Azg) (3.48)

7= maz min(Azee, Azi) |,
where Az is the grid size of the kth grid in the physical domain. Experimentation
showed that = should be less than 1.2 (Zang 1993).

To make the effectiveness of the Poisson solver less dependent on the stretch-
ing ratio, the three dimensional multigrid method is changed to a two dimensional
multigrid method in the lateral directions, where uniform grids are used. A verti-
cally implicit line-by-line Gauss-Seidel smoother is used with the two dimensional
multigrid method at each grid level. That is, in the Gauss-Seidel method, the terms
arising from boundary conditions are kept on the left hand side of the equations so

that boundary conditions in the vertical direction are also treated implicitly.
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a stretching Ratio V-cycles V-cycles
in equation 3.7 7) Modified Method | 3D Multigrid
0.01 ~0 8 9
0.70 1.03 8 12
0.95 1.10 9 26
0.98 1.15 10 38
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Table 3.1: Comparison of the modified method and the three dimension multigrid method
of Poisson solver. Poisson equation 3.49 with random noise as the source term is solved.
64 x 64 x 64 grid is used. All runs converges with the residue to be less than 10~€ times
the norm of the source term.

The modified algorithm has been evaluated using the Poisson equation:

2%¢  d*¢ 8%

522 + 552 + 5.2 = f (3.49)

Uniform grids are used in the lateral directions. Hyperbolic tangential stretching
given by equation 3.7 is used in the vertical direction. Several types of the source
term, f have been tried. all leading to similar conclusions. The modified algorithm
is compared with the three dimensional multigrid method in table 3.1 for the case in
which f is random noise. Periodic boundary conditions are used in the lateral direc-
tions, and Neumann boundary conditions are used on the top and bottom surfaces.
The mean value of the source term f has been subtracted to satisfy the compatibly
condition (section 3.4). With the same convergence criterion, the number of V-cycles
needed for the three dimensional multigrid method to converge increases dramatically
with the stretching ratio. With uniform grid in vertical direction, the Poisson solver
converges in only 9 V-cycles; with stretching ratio 1.15, however, 38 V-cycles are
needed. On the other hand, the modified algorithm depends less on the stretching
ratio, and the Poisson solver converges within approximately the same number of

V-cycles.
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3.8 Summary

An orthogonal transformation has been used to transform the physical wavy domain
intoa rectangular computational domain. The orthogonal transformation and the two
dimensionality of the surface wave enable us to save a great deal of the computational
storage for the metric terms and to simplify the numerical problem.

With the available computational resources, the selection of domain size for the
three dimensional turbulent case is guided by the periodicity of the surface wave and
the Langmuir circulation, as well as the two point correlation from the experiments
on turbulent channel flow. The goal is to make to domain size large enough that the
periodicity imposed in the lateral directions does not affect the results.

The grid is chosen to resolve the viscous sublayer and the viscous wavy boundary
layer in the vertical direction. The streak structure formed near the bottom wall and
the downwelling zone thickness of Langmuir circulation determine the selection of the
grid spacing in the lateral directions.

The numerical method used here is adapted from the fractional step method by
Zang et al. (1994) for a generalized curvilinear system, with the Adam-Bashforth
scheme for the convective terms and the Crank-Nicolson scheme for the viscous terms.
Central differencing is used for all the spatial discretizations. Second order accuracy
is achieved in both space and time.

The way the pressure Poisson equation is formulated guarantees that mass conser-
vation is satisfied at each time step. With the stretched grid in the vertical direction.
the Poisson equation is solved with a two dimensional multigrid method in the lateral
directions. combined with vertically implicit line-by-line Gauss-Seidel smoother.

The computational code is written in a modularized way, with the basic blocks
such as the pressure Poisson solver built in a stand-alone fashion. The code for the two
dimensional cases are separate from that for the three dimensional cases to improve
both readability and performance. Each type of code simulates the wavy case and
the rectangular cases with Craik-Leibovich equations with a uniform interface. All

the computational codes are fully vectorized and tested thoroughly.
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Figure 3.2: Sketch of the four subregions of a Langmuir cell. (After Li and Garrett (1993))



CHAPTER 3

o N

AANIANNANSNSNNNANASNNNN

oP

Figure 3.3: Sketch of a control volume near top surface.
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Chapter 4

Two Dimensional Flows Under a

Free Wavy Surface

4.1 Introduction

In this chapter, two dimensional flow under a surface gravity wave is studied. Since
this is an old subject on which research has continued for over 200 years, no attempt
is made to summarize the full range of the knowledge. The goals here are to develop
solutions, both analytical and numerical, for flows under a specific non-deforming
surface wave and to study the important flow properties related to the generation of
Langmuir circulations.

Analytical solutions have been developed for inviscid flow. which are valid as a
first approximation when the wave Reynolds number is high enough for viscous forces
to be neglected. The inviscid theory of surface waves was pioneered by Stokes (1847),
who developed the equation for the shape of a progressive wave in water of finite
depth. The Stokes wave has been widely utilized to predict many observed wave
phenomena and in the design of offshore platforms. It will be used in this work as
the typical surface wave.

Traditionally, a periodic wave flow field is obtained by solving equations for incom-
pressible, irrotational flow with kinematic and dynamic boundary conditions at the
free surface and an impermeability condition at the bottom. The dependent variables
are expanded in power series around the mean wave height. For example, the velocity
field and the dispersion relation for the flow under a first order Stokes wave, i.e. a
sinusoidal wave, has been given by Phillips (1977). Although the solutions obtained
from the power series expansion are valid only below the trough, they are often used

to obtain the flow field up to the wave crest. The error in doing so is of third order

of the wave slope.
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McDonald (1994) solved the flow under a second order Stokes wave in a trans-
formed coordinate system. His transformation is non-orthogonal and fitted to the
wave boundary. No power series approximation is needed. Thus, the solutions ob-
tained are valid in the whole domain.

In the first half of this chapter, an analytical solution of the inviscid flow under a
second order Stokes wave is developed using a method similar to McDonald’s. The
orthogonal transformation developed in chapter 3 is used, leading to a much simpler
stream function. Furthermore, since both the analytical wave field and the numerical
solutions are obtained in the same transformed coordinate system, it is convenient
for making the comparisons and for examining the interactions between the wave and
Langmuir circulations.

In the inviscid field, the velocity is periodic. No mean current exists in an Eulerian
system. However, from a Lagrangian point of view, as first predicted by Stokes (1847),
the fluid particles have open orbits. This creates the so-called Stokes drift that plays
a major role in the Craik-Leibovich theory.

For real water waves, however, Longuet-Higgins (1953) elaborated that molecular
viscosity, no matter how small its magnitude, causes another Eulerian mean drift.
Just outside the bottom thin boundary layer, there exists a constant second order
mean drift velocity. Similarly, just as below the surface boundary laver, there is a
second order mean gradient of drift velocity. These lead to a second order Eulerian
mean current.

In the Craik-Leibovich theory (1976), only the contribution of the Stokes drift
is considered. Craik (1982) did a scaling analysis and showed that the Eulerian
mean flow alone can lead to Langmuir circulations. Flows with wind stress have
stronger mean currents and, thus, are more unstable to the disturbances that generate
Langmuir circulations. The effects of the Eulerian mean flow is studied in this work.

In the second half of this chapter, a periodic viscous two dimensional flow is sim-
ulated numerically. The flow is under a rigid progressive second order Stokes wave
and has a flat, no-slip bottom boundary. The Eulerian mean flow obtained is com-
pared with the second order asymptotic solution predicted by Longuet-Higgins (1953).

The simulation also serves as a validation of the implementation of the free surface
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boundary condition presented in chapter 3.

The layout of this chapter is as follows. In section 4.2, the analytical solution for
inviscid flow under a second order Stokes wave is presented. The velocity and pressure
fields up to second order in the wave slope are calculated. Also, the dispersion relation
up to first order is derived from the dynamic boundary condition. In section 4.3,
numerical simulation of a viscous two dimensional wavy flow is carried out. The
computation of the drift velocity of a fluid particle is discussed. Comparisons are
made between the predicted drift and Longuet-Higgins’ solution (1953), and between
the flow field and the first order solution of Phillips (1977). A summary is presented

in section 4.4.

4.2 Analytical Study of Inviscid Flows

4.2.1 Formulation

The formulation for two dimensional inviscid flow is similar to that presented in
chapter 2 except that the flow is now two dimensional and the viscous term is zero.
As in chapter 2, the coordinate system is moving at the phase speed of the rigid
surface wave. Thus the wave shape becomes stationary. Unlike the viscous case, the
rigid surface wave is not an approximation for the inviscid flow because there is no
viscous dissipation and hence no wave damping.

Figure 4.1 illustrates the flow domain. It is one wavelength long in the streamwise
direction, and 2h high from the bottom to the mean wave height in the vertical
direction. A different non-dimensionalization from that of chapter 2 is used here. All
the variables are non-dimensionalized using a velocity scale, U/, the half height, k.,

and the time scale A /U:

(1717173, Nss T]lsns)

(ulvu37 Cw) =

(k2o p) = (kz%h,u’h) (4.3)
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Pd
P = —m (4.4)
_ oy -

U
Fr = — (4.6)

vk

where the superscript d denotes a dimensional quality; z; and z3 denote the stream-
wise and vertical directions, respectively; u; and u3 are the corresponding velocity
components in the moving system; 7,, £, and p are variables associated with the
shape of the Stokes wave, as defined in Equations 2.9 and 2.10; C¢ = - is the phase
speed of the wave; ! and n® are the coordinates in the transformed domain, respec-
tively: P is the pressure, including the hydrostatic part; p? is the density of the fluid;
g is the gravity; ¢ is the stream function in the moving system: and. finally, Fr is
the Froude number.
The inviscid flow is governed by the Euler equations:

o

u = 52—3 (4()
av
Uz = —ﬂ (48)
v
902 T on? 0 (4.9)
0u1 8u1 _ 0P
Ul'aTl-i-uaaxs = “am (4.10)
3u3 6“3 BP 1
ulb?l+u33x3 = —Ea—m (4.11)
where
27
OSxISK_, —1<z;3< 1+, (4.12)

The boundary conditions for the above equations are impermeability at the bottom
surface and the dynamic boundary conditions at the top surface. The kinematic

boundary condition is equation 2.15. The dynamic boundary conditions are given in
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equation 2.16 to equation 2.18, which are, for inviscid flow, simplified to:
P = Pa"r (4-13)

For convenience, we set F,;, to zero and rewrite the kinematic boundary condition

in terms of the stream function, the boundary conditions become:

oY

72, =0 on z3=-1 (4.14)
1
oY Oy on,
TP a;i 5 on z3=1+m (4.15)
P=0 on z3=1+mn, (4.16)
2
$(c1,23) = ¢(II+§‘,1'3) (4.17)

T

where o denotes any variable from the set {u),us, P, ¢}.

The orthogonal transformation of chapter 3 is used. It is represented by equa-
tions 3.1 and 3.3. With this transformation, the left boundary of the original domain
is mapped into n' = 0, the right boundary is transformed into ! = 2, The top
surface becomes n® = 1, and the bottom surface is mapped into n° = —1 + 525’-‘%":"41.
Notice that the mean domain depth in the transformed domain has decreased by
52%“—). As will be shown in section 4.2.6, this is due to the Stokes drift over the
depth of the flow. .

Using the chain rule for derivatives, the relation between %”TT and a%f,,‘; can be

derived as:

on' aqS_Jazl

2 =y = (4.18)
gn' _ On® 0Oz
9z = 0z Y ont (4.19)
and the derivatives in the Cartesian system become:
d _ 0z1 3 61‘3 0 (420)

9z,  “oniomg " oplond
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0 dz; 0 dz, 0
— = - 92
Oz Jan‘ ont t Jan‘ an’ (4.21)
d? 0? i 9? :
77 = Jgmtaem 22
5T 5222 (377‘2 + 67132) (4.22)
where J is the Jacobian, defined as:
J= L (4.23)
()2 + (&)
Two handy metric terms that will be used extensively later are defined as:
0z, Oz
=J—1 =J=2 2
A J@r)" B Jar]‘ (4.24)

A perturbation method is used to obtain analytical solutions. The dependent

variables and the metric terms are expanded to the powers of the wave slope:
¢ = do+edr+elr+O(e) (4.25)

where ¢ denotes any variable from the set {¥, u;,us. P.C,, A, B}.

From the definitions of A and B, their coeffcients can be derived as:

Ao = 1 (4.26)

cos(k-n')cosh[k(1 + n3)] o

A= sinh(2«,) (4.27)
_ 2pcos(2k.n')cosh[2k.(1 + )] 1 R

A = Kz sinh(4x;) ‘25inh2(‘2n,) (4.28)

By = 0 (4.29)
sin(&:n')sinh[k-(1 + 7°)] )

b = sinh(2«;) (4.30)

_ 2psin(2xn')sinh[2x.(1 + 7%)]
Kz sinh(4k;)

Bg=
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4.2.2 Velocity Field

As seen from equation 4.22, the Laplacian operator is preserved by the orthogonal

transformation. Therefore, equation ?? becomes:

&y 0% ‘
517 + 5t = 0 (4.32)

Furthermore, the orthogonal transformation leads to a simple solution for the stream

function of the flow:
P = —Cun® (4.33)

Obviously, this solution satisfies the Laplace equation 4.32. It must also satisfy,
to second order, the boundary conditions in equations 4.14, 4.15, and 4.17. In the

transformed coordinate system, these boundary conditions become:

61'3

L coth(2x.)

C.,,Ja—nl =0 on p*=-—1+4 T (4.34)

dz3 dz, On, 3 _ .

CWJOT]‘ = —C,‘,Ja?71 3z, on n° =1 (4.35)
2

o(n' 1) = oln'+=i0%) (4.36)

T

Since the left hand side of equation 4.34 is C,, B, and from equations 4.29 and 4.30,
we know that By = 0 and that By = 0, to second order, at n° = —1 + 62%’(‘2‘—"’1.
Thus, equation 4.34 is satisfied to second order.

With the arguments given in chapter 2 (equations 2.51 and 2.52), we obtain

dns __0n° an’
9z, 0z, Oz,

(4.37)

Substituting this equation into equation 4.35 and using equations 4.20 and 4.21, we

find that equation 4.35 is satisfied.
Since n® is periodic, the stream function satisfies Equation 4.36. Therefore, the

simple function in Equation 4.33 is the solution for the inviscid flow to second order

accuracy in the wave slope.
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Notice that if the coefficient of 53 is changed, the resulting function would also
satisfy both the Laplace equation and the boundary conditions. However, with a
propagating surface whose displacement is of first order, one should expect the velocity
to also be of first order in magnitude. The zeroth order velocity should be zero
when observed in a fixed system. In the moving system used here, the zeroth order
streamwise velocity must be Cyo. Thus, the coefficient of the stream function must
be C,,.

The stream function demonstrates that the lines of constant 53 are inviscid stream-
lines. This property of our orthogonal transformation makes it much easier to inter-
pret numerical results in the mapped coordinates.

With this stream function, the velocity field can be obtained as follows:
uy = —CyA, u3z=-C.,B (4.38)

It will be shown in section 4.2.5 that C,, is zero. Therefore. using equations 4.26

to 4.31, the velocity field is:

ulo = —Cyo (4.39)
.1 . 3
= Cwocos(nrn ).cosh[n,(l +7°)] (4.40)
sinh(2x;)
. 2pcos(2x.n)cosh[2k.(1 + 7°)] 1
wz = Cuo Kz sinh(4x;) “9sinh?(2x;) (441)
Uy = 0 (4.42)
_ sin(kzn!)sinh[x-(1 + p%)]
un = Cuo sinh(2x.) (4.43)
2 sin(2k.n1)si 3
vy = Cwoism(-n,n ).smh[2n,(1 +7%)] (4.44)
Kz sinh(4x;)

4.2.3 Zeroth Order Pressure Field

Substituting equations 4.20, 4.21 and 4.38 into the momentum equations results in

the governing equations for the pressure field:

0A aP oP
Cz(A2 + Bz)a—nl = —Aa—nl + 36—173 (4.45)
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dB oP oP 1
20 22 n9%e  _ — -
C*(A*+B )6771 Ba”1 A6n3 Tz (4.46)
The boundary conditions are:
P=0 on p’=1 (4.47)

and periodic boundary conditions in the 5! direction.

The pressure field can be calculated by expanding the above equations and bound-

ary conditions into powers of the wave slope, as was done for the other quantities

earlier,

The zeroth order equations for the pressure are:

P,

o =0
or _ _ 1
(9173— Fre

(4.48)

(4.49)

To satisfy the boundary condition Py = 0 at 7® = 1, the zeroth order pressure

must be:
Py, = ——l (1 %)
°T Fre 7

which represents the hydrostatic pressure.

4.2.4 First Order Pressure Field

The first order momentum equations are:

aP ,04; B
ot~ T ogt T Fr2
0P _ o 9B, A
o “O ont T Fr2

(4.50)

(4.51)
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Solving these equations gives:

sinh(xz(1 + ns)]}% +D  (4.53)

1
Py = {Cuo®cosh[k(1 + %)) - Fria

where D is a constant.

For P, to be zero at n°® = 1, D must be zero and

1
~ 2 —_ 9 -
Cuwo _Frzn, tanh(2x;) (4.54)

This is the dispersion relation that specifies the wave speed to zeroth order.

4.2.5 Second Order Pressure Field
The equations for the second order pressure are obtained in a similar way:

0P, aA2 JA, 0B, + 2A,B, - B; 04,

< - _ 2 -9 1.55
aT]l C ( Ald 1 +Bia 1) FT'2 Cwl an (4 50)
oP, 632 aB, 04, B\ — A’ + A, JB,
a—ns‘ = Cuwo (3 N +A13 T Blar’ ) + Ty —Cwl—H 56)
The solution to this system is:
2 h(2x.(1 + %)) 1
_ 2 ) <} COS z mn _ 9 oy _
Pr = Cu {,;,, sinh(4r,) Tsinh2(2ny) | OS(2raT)
9 . O 3 : D, 3
‘ 1 isnnh[:.n,(l + %) smh[...nrz(l + 7°)] cos(2xen') —
2Frk, | Ko sinh(4xz) 2sinh*(2x;)
c acosh262(1+7%)] 1 +
wo 4sinh®(2x.) wo 2sinh?(2x )
. 3
2C w1 cosh.[n,._(l k] )]cos(nznl) +E (4.57)
sinh(2k;)

where £ is a constant.

The only way for the pressure to be zero to second order at the top surface is that

the following conditions be satisfied:

Cuwo® = tanh(2x;) (4.58)

Frig,
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Cui = 0 (4.59)

1 cosh(4k;)
E C 2 4.
wo {25inh2(2xr) * 4sinh2(2ﬂr)} (+60)

1

Notice that the dispersion relation for the second order flow field (equation 4.58) is
the same as for the first order flow field (equation 4.54). The first order contribution
to the phase speed of the propagating wave, C,,, is zero. This agrees with results
presented by Whitham (1974).

4.2.6 Discussion

Equation 4.41 indicates that there exists a second order Eulerian mean velocity in
the transformed coordinates. with the average taken along first order inviscid stream
lines. If the stream function is transformed to Cartesian coordinates, one obtains the

following stream function:

v o= —Cwns
_ € cos(kzz1)sinh[Kz(l + z3)]
= ~Cuors + Cuo rr sinh(2x;)
2 ik coth(2xz) cos(2x:z1)sinh(2k2(1 + 73)]
+C ot [riz-? Dy ] sinh(4x;) (4.61)

Thus the velocity field in the Cartesian system contains no Eulerian mean flow to
second order. This is consistent with McDonald’s (1994 ) solution.

Although the Eulerian mean flow is zero, there exists a second order Lagrangian
mean flow, namely the Stokes drift, generated because the orbits of the fluid particles
are not closed. Imagine a vertical line of fluid particles at time zero. After a wave pe-
riod. it will be bent forward due to the Stokes drift, u,, which Longuet-Higgins (1953)

showed to be:

cosh(2kz(1 + z3)]

4.62
9sinh?(2+) (462)

uy = €2Cy

Integrating equation 4.62 from the bottom surface z3 = —1 to the mean wave

height, z3 = 1, we obtain the averaged Lagrangian volume flux (per unit length in
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the spanwise direction) as e2cw°-°%@. This corresponds to the depth deficit in the
orthogonal transformation that was mentioned in section 4.2.1. The explanation is
as follows. We know that between two streamlines, ¥ = ¥, and ¥ = ¥,. with ¥ = ¢,

at the top, the volume flux (per unit length in the spanwise direction) from left to

the right is 1; — 1,. In this case, the stream function is ¥ = —C,7* (equation 4.33).
Since the bottom surface is represented by 73 = —1 + 6259%,(':‘—‘1 and the top surface

by 7° = 1, the volume flux is —C,(2 — 62“’—';%"‘1). The term —2C,, is due to the
moving coordinate. So the net flux is e’Cw“";'—f‘;"ﬂ and is induced by Stokes drift.
From Equation 4.57, a second order depth-varying average pressure (averaged over
a wave length in the wave propagation direction) appears in the transformed system.
This term cannot be canceled by inverting the transformation to write the zeroth and
the first order pressure fields in the Cartesian coordinate system. Therefore. in the

Cartesian system, there also exists a second order depth-varying average pressure:

sh[2k:(1 + z3)]
4sinh?®(2x,)

Paug = 626'14102 2 (463)

This agrees with the results given by Phillips (1977).

4.3 Numerical Simulations of Viscous Flows

4.3.1 Simulation Setup
Geometry

The simulation domain for the two dimensional wavy case is the same as for the two
dimensional inviscid case as is shown in Figure 4.1. It is one wavelength long in the

streamwise direction. The height of the domain is 2h.

Governing Equations and Boundary Conditions

The flow is driven by the rigid wave propagating at the top. The surface wave provides
no tangential stress, but requires a contribution from the normal stress to maintain

the wave shape. The governing equations and boundary conditions are similar to
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Name | € Kr Re,

Setl [0.05 3.0 |0.075,0.15,0.3.0.6,1.2,2.4
Set2 | 0.1 [ 3.0 {0.075,0.15,0.3,0.6,1.2,2.4
Set3 | 0.2 { 3.0 |0.075,0.15,0.3,0.6,1.2,.2.4
Setd 0.1 1.5 1 0.075,0.15,0.3,0.6,1.2,2.4
Set5 | 0.1 {2.250.075,0.15,0.3,0.6,1.2.2.4

Table 4.1: Cases studied for two dimension flows with a free wavy surface.

those for the three dimensional wavy cases presented in chapter 2. The same non-
dimensionalizations are used, with equations 2.11 and 2.12 as the governing equations,
equation 2.13 as the bottom boundary conditions, equations 2.15 and 2.19 as the top
boundary conditions, where Re. = 0, and periodic boundary conditions are used in
the streamwise (z;) direction. The only difference is that the flow studied here is two

dimensional in the (r,,z3) plane and u; = 0.

Case Definitions

The state of the flow is dependent on three parameters: the Reynolds number, Re,,
the wavelength of the surface wave, &, and the slope of the surface wave, . Table 4.1
lists the cases simulated for studying the effects of these three parameters.

The existance of the molecular viscosity gives rise to an oscillatory boundary layer
under the wavy surface. The thickness of the boundary layer is §¢ = /2v/(Cdx.9),
as shown by Phillips (1977). There also exists a boundary layer near the bottom
surface with similar thickness. In deep water waves, as in the cases treated in this
study, the bottom boundary layer is not very important.

64 x 64 grids are used in all these cases. Uniform grids are used in the streamwise
direction. The grids are vertically stretched using equation 3.7, with a = 0.98. This
achieves a minimum grid size of approximately 0.0015A, allowing 5 points inside the
thinnest boundary layer, which occurs in the case with ¢ = 0.05,x; = 3.0, and
Re, = 2.4.

The initial field for the simulations is a uniform flow with velocity equal to the

negative phase speed of the surface wave. Each case was run for 3 ~ 4 characteristic
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time scales, defined as t = (2k)?/v, by which time the flow reaches a steady state.
This is achieved by monitoring the change on the total mean current induced by the

flow (see section 4.3.4) to be less than 1% over a period of ¢°.

4.3.2 Vorticity Field

The spanwise vorticity contours for the case with € = 0.1,x, = 1.5. Re, = 0.075 are
plotted in Figure 4.2. The top boundary layer can be clearly identified; in it, the
vorticity is oscillatory and of first order. This vorticity occupies a thickness of 0.5A,
which is comparable with the characteristic boundary layer thickness, 6% ~ 0.3A.
Below the top boundary layer, the vorticity is distributed more uniformly and of
second order in magnitude. A weak bottom boundary layer with slightly higher
vorticity can also be observed.

Phillips (1977) showed that the vorticity to the first order at the wavy surface is:

wd = —2C%k,? cos(ndn'd) (4.64)
Figure 4.3 compares this profile with that from the numerical simulation for the case
with € = 0.1.x; = 1.5, Re, = 0.075. The numerical results in fair agreement with
the linearized theory. However, the linearized theory gives a maximum at the wave
trough while the numerical results have a local minimum there and two local maxima
nearby. This shows the influence of higher order terms, as expected, because the
numerical results include components of all orders, while the linearized theory only

gives the first order approximation to the vorticity.

4.3.3 Velocity Field

Figure 4.4 shows the velocity vectors for the case with € = 0.1, x, = 1.3, Re, = 0.075.
These vectors are observed in the fixed coordinate system. From the velocity near the
top surface, the forward surface (with negative wave slope) is moving upwards and
the backward surface (with positive wave slope) is moving downward, illustrating the
propagation of the wave from the left to the right. The vertical velocity decreases

monotonically from the top surface to the bottom surface as in the inviscid solution
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(section 4.2.2). Also like the inviscid flow, the fluid moves forward at the crest and
backward at the trough of the surface wave. However, the maximum negative velocity
is much smaller than that of the positive velocity in the viscous case, while in the
inviscid flow, the maximum magnitudes are equal. The streamwise velocity is largest
in the top boundary layer.

This increased streamwise velocity is evident in Figure 4.5, which gives the stream-
wise velocity profile of the inviscid and viscous solutions. The profile is given on the
line of constant n° closest to z = L./4. The figure shows an increase of streamwise
velocity with vertical coordinate, with a jump of the slope beyond z = 0.5k. This
is due to the high vorticity in the top boundary layer. Figure 4.5 also shows a large
discrepancy between the viscous field and the inviscid solutions and reveals the ex-
istence of a net positive mean Eulerian current in the viscous case, as predicted by
Longuet-Higgins (1953). Furthermore, the mean current is almost linear between the
top and the bottom boundary layers as also suggested by Longuet-Higgins' analysis.
Due to the positive Eulerian mean flow, the magnitudes of the positive and negative
streamwise velocity are unequal, as noted above.

The vertical velocity in the viscous and inviscid cases are presented in Figure 4.6.
It can be seen that, unlike the streamwise velocity. the vertical velocity distribution

in viscous case does not deviate much from the inviscid solution.

4.3.4 Computation of Wave Drift

In this section, we will describe the method of calculating the drift velocity of a fluid
particle in the wavy flow. In other parts of this thesis, Eulerian description is used.
But if particle motion is of interest, the Lagrangian description is more appropriate.

We calculate the drift velocity in the fixed Cartesian coordinate system. Three
coordinate systems are used: the fixed Cartesian coordinate system, (X;,.X3), in
which the surface wave is propagating, the moving Cartesian system, (z,, 3}, in which
the surface wave is stationary, and the transformed curvilinear coordinate system,

(£',€°), in which the computation is done. The relation between the fixed and moving
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Cartesian system is:

ry = Xy —Cyt (4.65)
T3 = Xa (466)

Suppose that, at time tg, a particle is located at (X0, X30), and at time ¢. the

particle moves to (X, X3). Then:

dX
Ttl- = Uu(Xlo,Xg,o,t) (467)
dX
_dt—s- = U X0, X30. 1) (4.68)

where (U/y;, Uy) is the Lagrangian velocity of the particle. Since at time ¢. the particle
is located at (X;,X3), the Lagrangian velocity is related to the Eulerian velocity

(U1e. Use). by the following equations:

Un(Xi0, Xz0.t) = Ure( X1, X5.8) (4.69)
Usi( X0, X30,t) = Use(X1, X3.t) (4.70)

In the moving systems, the Eulerian velocity becomes:

Ule(‘x—hXS,t) = ule(£19x3)+cw (471)

U3e( X1, X3,t) = uze(z),73) (4.72)

where (ui., us.) is the Eulerian velocity in the moving system, and (z,,z3) the cor-
responding location of (X;,X3) in the moving system according to equation 4.65
and 4.66. u,. and u3. are functions of (z;,z3) only since the flow reaches steady state
in the moving coordinate system.
Let (€',€°) be the mapped location of (z1,z3). Then (u.,us.) is essentially the
velocity (u;,u3) obtained at (£!,£%) from the numerical simulation. Therefore,
dX,;

— = ui(€4,€%) + Cy (4.73)
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where

dX

o = (€€ (4.74)
& = N (z1,z3) = E1(X1, X3, t) (4.75)
& = (z1,73) = (X1, Xa, 1) (4.76)

Given the initial position of a particle, (X;g, Xa9), the drift velocity of the particle

is calculated by advancing equations 4.73 and 4.74 over one wave period using a second

order Runge-Kutta method, and then dividing the displacement of the particle by the

elapsed time.
The only problem left is to find the velocity (u;(£!,£3), u3(€!,£%)) of a particle

located at (X;,X3) in the fixed coordinate system at time t. It is computed as

follows:

1.

o

Calculate the location in the moving system, (z,,z3), from equations 4.65
and 4.66. For some values of (X,,X3,t), r; might be out of the domain of
(0. L;) in which the numerical solution is provided. Since periodic boundary
condition is used in the streamwise direction, multiples of L, can be added to

T, to make it within the range.

Solve the coordinate transformation given in chapter 3 to find (£',£%) numer-
ically. A steepest descent method is used here. Due to numerical error, the
location in the transformed coordinate system might be out of the range of
(0,ni—2) for €', and (0, nk —2) for £3. Approximation is then used: if £! is out
of range, the closest boundary value (0 or ni — 2) is used; if £3 is out of range,
call the results for that particle to be invalid. At the end of the procedure, only
results for the valid particles are used to compute the drift velocity profile. For
the drift velocity profile obtained in this thesis, the influence of this approxima-
tion is found to be small, since very few particles near the surface have £ out

of range.

Interpolate the velocity (u1, u3) for the point (£',£%) from the numerical field.

A second order accurate scheme is used.
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4.3.5 Stokes Drift

As mentioned in section 4.2.6, an inviscid irrotational wave generates a second order
(in wave slope) drift, known as Stokes drift. To validate the drift computation de-
scribed in section 4.3.4, the inviscid flow field is used as an input for the calculation.
As shown in Figure 4.7, the inviscid propagating wave induces a net drift that decays
exponentially with the depth. In Figure 4.7, the Lagrangian drift computed using
the method in section 4.3.4 and the Stokes drift from equation 4.62 are compared.
Remarkable agreement is found between the two profiles. The results confirm the
correctness of both the drift computation method and the implementation of this

method in the computer code.

4.3.6 Eulerian Mean Flow

We showed in sections 4.3.2 and 4.3.3, that the vorticity in the top boundary layer
penetrates downward and introduces a mean current in the flow, i. e.. the Eulerian
mean flow. In section 4.3.4 we discussed the method of calculating the drift of a fluid
particle in a two dimensional wave field. We now will examine the Eulerian mean
flow formed in two dimensional viscous flow under the wave conditions summarized
in Table 4.1. .

It is important to note that the drift computed with the method from section 4.3.4
is the total drift that contains both Stokes drift and the Eulerian mean flow. To
obtain the Eulerian mean drift, the Stokes drift component must be subtracted from
the total drift. For example, Figure 4.8 presents the total drift, the Stokes drift
and the Eulerian mean flow for the case with ¢ = 0.1,x, = 1.5, Re, = 0.075. It
demonstrates that the Eulerian mean flow is of the same order as the Stokes drift. It
is also obvious that since the Stokes drift decays exponentially with the characteristic
depth of 1/(2x;) = 0.3, the Eulerian mean flow is very close to the total drift below
this depth.

For an unbounded channel with a periodic wave propagating on the top, Longuet-
Higgins (1953) first derived the leading order (in wave slope) component of the Eule-

rian mean flow in the limit of infinite Reynolds number. For deep water wave, it is a
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linear function and is independent of Reynolds number:
ut = 26°Cuns(25 + h) (4.77)

'f‘he Eulerian mean flow from the simulation is dependent on the Reynolds number
and includes the components of all orders. We calculated the gradient of our Eulerian
mean flow via a linear curve-fit to the drift below the wave boundary laver and the
characteristic depth of 1/(2«;), whichever is bigger. If we normalize this gradient with
the slope of the Eulerian mean flow predicted by Longuet-Higgins, equation 4.77, the
result, u./u5¥ | should be close to but not equal to unity, and should be a function of
€, Kz, and Re,. This is clearly true as shown by Figures 4.9 and 4.10, which present
the normalized gradients for all the wave conditions studied.

As shown in both figures, for fixed wave slope and wave length, the normalized
drift increases with Re,. Figure 4.9 shows the effects of wave slope on the normalized
Eulerian mean flow. A smaller wave slope produces an Eulerian mean flow closer
to the second order analytical solution by Longuet-Higgins. With the same amount
of differences in wave slope, the resulting discrepancies in the normalized drift are
comparable. Thus, we can conclude that the third order Eulerian mean flow makes a
major contribution to the discrepancy.

Figure 4.10 depicts the influence of wave number on u./ulf. The three curves
present cases with the same wave slope but different surface wave length. Since, for
fixed wave slope and Reynolds number, the decrement in u./u%¥ is proportional to
that in the wave number, it is apparent that, to the first order at least, u./uf¥ is a
linear function of .

Based on the above observation, we propose the following simple approximation:

Ue
uLH

e

=1 — Ciexz(Re,)? (4.78)

Curve fitting gives C; = 0.5,C2 = —0.3.
The fitted data are shown in Figure 4.11. The vertical axis value plotted is uImt
0.5ex(Res)~03. All the results are very close to unity, except for the case with the

highest wave slope ¢ = 0.2, which have the greatest influence of the fourth order
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terms.

4.4 Summary

A second order accurate solution of the velocity field and the pressure field for the
inviscid flow under a second order Stokes wave has been obtained. The dispersion
relationship up to second order is derived from the flow field by imposing the dynamic
boundary condition. The first order wave propagation speed is zero.

Using a coordinate system moving at the wave propagation speed and an orthog-
onal transformation greatly simplifies the results. Because no linearization of the
boundary conditions is used, the flow field obtained in this study is valid throughout
the whole domain under the wavy surface.

From the inviscid solution, no Eulerian mean flow exists to second order under the
wave in laboratory coordinates. However, there is a second order Lagrangian mean
flow, the Stokes drift. A second order depth-varying mean pressure is aiso found from
the analytical solution.

The viscous flow under the same propagating wave as in the inviscid case is sim-
ulated numerically for deep water waves. The numerical results reveal an oscillating
top boundary layer under the surface wave and a weaker boundary layer near the
bottom. The vorticity inside the top boundary layer is of first order and agrees with
Phillips™ (1977) linearized results for spanwise vorticity along the top surface.

The velocity field shows that, unlike the inviscid flow, the magnitude of the stream-
wise positive velocity is greater than that of the negative velocity; this is caused by
the net Eulerian mean flow. The Eulerian mean flow is of second order and has a
linear profile, as suggested by Longuet-Higgins (1953).

Therefore, associated with the viscous wave field, there are two kinds of mean
currents: the exponentially depth-decaying Lagrangian Stokes drift and the linear
Eulerian mean flow. The Eulerian mean flow introduces an extra shear in the water
column. Even though no tangential stress is exerted on the surface, a fluid element
“feels” a tangential stress generated by the viscous wavy boundary layer above. This

contribution to the wave-induced effects has not been included in the Craik-Leibovich
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(1976) theory, and will be studied in the following chapters.
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Figure 4.1: A sketch of the 2D wavy flow.
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Figure 4.2: 2Dwavy free surface case, with ¢ = 0.1,x; = 1.5, Re, = 0.075. Spanwise
vorticity contours. (normalized by S/h)
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Figure 4.3: 2Dwavy free surface case. with ¢ = 0.1.x; = 1.5, Re;, = 0.075. Spanwise
vorticity profile at the top surface, compared with the linearized theory. (w2 normalized by
S/h. z normalized by h)

Figure 4.4: 2Dwavy free surface case, with € = 0.1,k = 1.5, Re; = 0.075. Velocity
vectors.
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Figure 4.5: 2Dwavy free surface case, with ¢ = 0.1.x, = 1.5. Re, = 0.075. Streamwise
velocity profile near z = L./4, compared with the inviscid case. (velocity normalized by §,
= normalized by h)

25 T ) L] L | S ¥ ¥ T T

] inviscid
—_— viscous
20f Q-

L Y i Al

' b

5 s ' 1
-1 -08 -06 =04 -02 0 02 04 06 08 1

Figure 4.6: 2Dwavy free surface case, with ¢ = 0.1,k; = 1.5, Re, = 0.075. Vertical
velocity profile near z = L. /4, compared with the inviscid case. (velocity normalized by S,
z normalized by h)
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Figure 4.7: Comparison of the numerically computed Stokes drift from the inviscid field
and the analytical Stokes drift. (drift normalized by S, z normalized by &)
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Figure 4.8: 2Dwavy free surface case, with € = 0.1, k. = 1.5, Re, = 0.075. Drift velocitics.
(velocity normalized by §, z normalized by h)
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Figure 4.9: 2Dwavy free surface cases. Effects of the wave slope on the Eulerian mean
flow.
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Figure 4.10: 2Dwavy free surface cases. Effects of the wave number on the Eulerian mean
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Chapter 5

Simulations of Langmuir
Circulations in Flows with
Constant Eddy Viscosity

5.1 Introduction

In the last chapter two components of the wave field important to Langmuir circu-
lation were studied: the wave-induced Stokes drift and Eulerian mean flow. This
chapter examines the interactions between the surface wave and wind-driven current
in a flow of constant eddy viscosity. In particular. the following issues are addressed:
the structure and properties of Langmuir circulations, the cell merging process in
Langmuir circulation evolution, the effects of the Eulerian mean flow, and the justi-
fication of the averaging nsed in the Craik-Leibovich theory.

Langmuir circulations with constant eddy viscosity have been studied numerically
by other researchers (Leibovich and Paolucci 1980b, Li and Garrett 1993), who in-
tegrated the Craik-Leibovich equations in a spanwise-vertical plane. The effect of
the wave induced viscous stress was not considered. The structure of the predicted
Langmuir circulations is qualitatively close to field observations (Scott et al. 1969,
Smith et al. 1987, Weller and Price 1988). Furthermore, both simulations predict a
cell merging process that corresponds to the observed “Y junctions” (Thorpe 1992,
Farmer and Li 1995) and an upscale energy cascade (Weller and Price 1988). It has
been suggested by Faller and Auer (1988) that this process is analogous to the in-
verse energy cascade in two dimensional turbulence with the amalgamation of like-sign
vortices. On the other hand, Li and Garrett (1993) claimed only cancellation of the

opposite-signed vortices occurs.

87
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This chapter presents results of a 2D simulation carried out by solving the Craik-
Leibovich equations (2DCL) with vortex forcing similar to that used by Li and Gar-
rett. However, in contrast to Li and Garrett, we find that the cell merging is more
like the inverse energy cascade in two dimensional turbulences (Melander et al. 1988);
very little opposite-signed vortex cancellation is observed.

There also exist some quantitative disagreements between the field observation
and the simulations by Li and Garrett (1993) and Leibovich and Paolucci (1980b). Li
and Garrett examined two aspects of the motion, the maximum downwelling velocity
under the convergence line and the pitch, defined as the ratio of surface downwind jet
velocity to the maximum downwelling velocity. Although the maximum downwelling
velocity is within the range of the observations, the pitch they obtained, 0.37 ~ 0.49,
is smaller than the value observed by Weller and Price (1988), 1.33 ~ 8. Leibovich
and Paolucci (1980b) argued that their downwelling jet agrees well with observa-
tions (Scott et al. 1969). However, from their Figures 14 and 15, which correspond
to the case with reasonable downwelling velocity, a pitch of 0.33 can be derived, which
is in the same range as those obtained by Li and Garrett (1993). In this study, by
including the effects of the wave stress due to the Eulerian mean flow, we obtain both
a downwelling velocity and a pitch that are closer to observations.

As mentioned in chapter 1, in the Craik-Leibovich theory the Navier-Stokes equa-
tions are averaged over a time scale longer than both the longest wave period and the
turbulence time scale (Leibovich 1977b). The assumption behind this averaging, that
of disparate time scales, is hardly discussed. The results presented in this chapter
address validity of this averaging for laminar flows using a 3D simulation of a flow
under a propagating wave (3Dwavy). No averaging is used, i. e. the full Navier-Stokes
equations are solved. The results are compared with those from the Craik-Leibovich
theory, obtained via a 2DCL simulation. Good agreement is achieved if the Eulerian
mean flow is included in the 2DCL case. The averaging is thus justified.

Section 5.2 presents the Craik-Leibovich equations and the boundary conditions
used in the 2DCL simulations. Section 5.3 describes the initial conditions and the
input parameters in both 2DCL and 3Dwavy cases. The numerical method for the

2DCL case is also briefly discussed. Section 5.4 validates the computer code by
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comparing a 2DCL simulation of weak vortex forcing with linear stability analy-
sis (Garg et al. 1992). The structure and properties of Langmuir circulations are also
examined. In section 5.5, a 2DCL simulation with moderate vortex forcing is carried
out and the characteristics of Langmuir circulation are further studied. The cell merg-
ing process is discussed and the effect of Eulerian mean flow effects is investigated.
Section 5.6 presents the 3Dwavy simulation. The modulation of Langmuir circulation
by the surface wave is demonstrated. Section 5.7 compares the Craik-Leibovich the-
ory with the 3Dwavy results to verify the disparate time scale assumption. Finally,

section 5.8 summarizes the results.

5.2 The Craik-Leibovich Equations and Boundary

Conditions

5.2.1 The Craik-Leibovich Equations

We consider open channel flow with a two dimensional surface wave. Since the sur-
face wave effects have already been abstracted by the Craik-Lebovich theory into
the Stokes drift, the physical domain for the simulation based on Craik-Leibovich
equations contains no surface wave. The domain is a rectangular box with the same
length and width as the wavy channel, and depth equal to the mean channel height,
2h. The wind driven current is modelled by applying a constant streamwise stress,
p?u®?, on the flat top surface.

In this study, there is no stratification and the Coriolis force is neglected. Using
the same notation as in chapter 2 (see equations 2.1 to 2.7) and non-dimensionalizing
scales, (. e. the characteristic Stokes drift velocity, S, as the velocity scale, and the
half depth of the domain as the length scale) as in section 2.2, the non-dimensional

Craik-Leibovich equations become:

8u,~ _
a_:l'; = 0 (5.1)

3u,—+3(u;uj) _ Op 1 Q%

) = P TR 2
ot T oz, 9z; T Re, 02,02, T KUk (52)
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These equations closely resemble the Navier-Stokes equations 2.11 and 2.12, but an
extra vortex force term, €;jxu,;wk, appears in the momentum equation, where ¢,y is
the permutation tensor; u, is the z; Stokes drift component; w; = s,-jkg—';‘: is the z;
vorticity component, where x|, z2, and z3 lie in the streamwise, spanwise and vertical
directions, respectively.

A monochromatic Stokes wave propagating in the streamwise direction is used as

the surface wave. Therefore, the nondimensional Stokes drift takes the form:

(us1,Us2,usa) = (u,,0,0) (5.3)
_ a2, cosh[2k.(1 + x3)] _ cosh[2x;(1 + z3)]
Y T YT oGnh?(2x,) | sinh?(2xy) (54)

[n this chapter, for those simulations based on the Craik-Leibovich equations. only
two dimensional cases are considered. The flow is assumed to be z,-independent, i. e.

% = 0. All the three velocity components are computed on a spanwise-vertical

plane. whose extent is represented by:
2r

031‘2$Ly=h_—~ -1<z3<1 (5.
y

(41}
1]
S

With this simplification. the two dimensional Craik-Leibovich equations become:

%*g’f =0 (5.6)
ar)utx + a(gzl) + 3(;;:1) - Rle’(ai:;;z + 82:;;3) (5.7)
c‘)éutz + 3(;::2) + 8(;;’:2) - _;i + Rle, ai:;; ai:;;) +u,g—';; (5.8)
Gt - R i e 00

5.2.2 Boundary Conditions

Periodic boundary conditions are used in the spanwise direction. At the bottom wall,
a non-slip boundary condition is imposed. At the top surface, boundary conditions

include non-permeability, constant streamwise stress and zero spanwise stress. The
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boundary conditions can be written as:

Uy =‘U2=U3=0 on 13=-1 (510)
6 .
u3=5:—:=0 on z3=1 (5.11)
2
%-; = ::' on z3=1 (5.12)
$(0,z3,t) = »(L,, z3,¢) (5.13)

where Re. is the Reynolds number based on the friction velocity due to wind stress
and the half depth of the channel. 9 is a general variable that denotes any velocity

component, u;, or the pressure, p.

5.3 Inmitial Conditions, Input Parameters and Nu-
merical Methods

As was mentioned in section 5.1, this chapter contains both 2DCL and 3Dwavy sim-
ulations. For the 3Dwavy cases, the governing equations and boundary conditions
have been presented in chapter 2, and the numerical method in chapter 3. For the
2DCL cases, the governing equations and boundary conditions were described in the
last section. This section examines the initial conditions and inp.ut variables for both

types of simulations, and the numerical method for the 2DCL cases.

5.3.1 Inmitial Conditions

The initial conditions consist of a mean flow and a perturbation field. In 2DCL
cases, the initial mean flow is fully developed Couette flow which satisfies the no-
slip condition at the bottom and the constant stress condition at the top. For the
3Dwavy simulation, the initial mean flow is a steady two dimensional wavy field from
another simulation in a streamwise-vertical plane, with the same surface wave and
top tangential stress, and periodic streamwise conditions.

Three dimensional random noise is added to initial mean field. The magnitude
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of the perturbations is very small (O (107*)). For 2DCL cases with weak Craik-
Leibovich forcing, eigenfunctions with small magnitude from linear stability analy-
sis (Garg et al. 1992) can be used as the input. It has been found that .neither the
growth rate nor the final steady state depend on the form of the initial perturbations,
but the flow with white noise perturbations has a longer transient stage. Further-
more, numerical tests show that even without any perturbation, the numerical error
wquld destabilize the flow and produce Langmuir circulation. Here, only results with

random initial perturbation are presented.

5.3.2 Input Parameters

The input parameters for the 3Dwavy case are the Reynolds number based on the
friction velocity due to wind stress, Re., which represents the strength of the wind;
the Reynolds number based on the Stokes drift velocity, Re,, which indicates the sea
state (see equation 2.7 for detailed definitions); the wavenumber of the surface wave.
Kz the wavenumber of spanwise periodicity that determines the width of the domain.
Ky: and the wave slope, e.

The 2DCL simulation, on the other hand, needs only Re., Re,, x..%, as input.
The wave slope, €, does not show up in the governing equations (equations 5.6 to
5.9) or the boundary conditions (equations 5.10 to 5.13). It serves as a parameter for
post-processing the results (output parameter), such as computing how many wave

periods correspond to a given non-dimensional time.

5.3.3 Numerical Methods

The discretization method used for 3Dwavy cases was applied to the 2DCL cases,

with the following modifications:

e The physical domain for the 2DCL cases is rectangular. Thus the transforma-
tion from the physical domain to the computational domain with unity grid
spacing is from a Cartesian system to another Cartesian system, and the cross

terms in the metric tensors reduce to zero.
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e Since the governing equations for the 2DCL cases have a vortex term not in the
Navier-Stokes equations, this source term is added in the first predictor step in

the fractional step method 3.4.3.

o Because the 2DCL cases are z,-independent, the last predictor step of the ADI
method is omitted. Only the spanwise and vertical volume fluxes are needed.
Furthermore, the pressure Poisson equation becomes two dimensional, and is

solved using the 2D multigrid method.

5.4 2D Simulation with Weak Vortex Forcing

In this section we focus on a 2DCL simulation with weak vortex forcing that is just
above the critical condition from linear stability theory (Garg et al. 1992). This
simulation not only enables us to study the formation and basic characteristics of
Langmuir circulation, but also allows us to further validate our computer code by

comparing the numerical results with linear stability analysis.

5.4.1 Linear Stability Theory

Garg et al. (1992) performed a linear stability analysis for the 2DCL problem pre-
sented in section 5.2. Their approach was similar to that used by Leibovich et al. (1989),

in which normal mode solution to the linearized equations was introduced:
Y = U(z3)e'mtHinye (5.14)

where ¢ is a general function that can be either the the streamwise perturbation
velocity or streamfunction of the spanwise vertical motion. ¥ is its amplitude, = =
=, + tw; is a complex frequency and &, represents the wavenumber of the Langmuir
circulation. A sixth order eigenvalue problem in @ was formed and solved numerically
using a collocation technique based on Chebyshev polynomials. The computer code by
Garg et al. takes the following inputs: the profiles of the initial wind driven current

and the Stokes drift, which could be arbitrary depth-varying functions, «,, and a
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Rayleigh number, R = |/Re,Re?. It calculates the eigenvalue, =, which contains the

growth rate, |@;|.

Definition of the Langmuir Number

The Rayleigh number used above is the inverse of the Langmuir number, La, defined
as:
S’ud2h3

La=(——

p3 )-1/2 = (Re,Ref)'ln (5.15)

Note that the definition here is slightly different from the definition proposed by
Leibovich (Leibovich 1977b), because we use h as the length scale instead of 1/x,.

The Langmuir number represents the ratio of the viscous force to the vortex force.
The vortex force consists of contributions from both the wind-driven current and the
surface wave induced Stokes drift. The relative strength of the two is determined by
the ratio Re?/Re,.

From Longuet-Higgins (1953) (see chapter 4) we know that a fluid particle under
a propagating surface wave actually “feels” two types of shear: one induced by the
wind stress and the other by the stress generated by the viscous wavy boundary layer
above, which is responsible for the Eulerian mean flow. For this reason, we suggest
that the mean shear should include flows driven by both the wind and wave stresses.
Therefore, instead of using Re., we propose a generalized effective Reynolds number,

Re..ss. and modify the Langmuir number:

d2 3
Su-effh

2 —)7V? = (Re,Rel.;)7'/? (5.16)

La = (

When the effect of the Eulerian mean flow is not considered, Re..;; = Re.. When

the Eulerian mean flow is taken into account, however, Re..s describes the total shear

a fluid particle “feels”. For laminar flow, the Eulerian mean flow can be estimated
from equation 4.77. Thus the effective Reynolds number can be derived:

ul?,  h? _ uf2p? + 4S5k, %h?

2
Re.ef! = =

3 > = Re® + 4k Re, (5.17)
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With this modification, we shall replace Re. in our 2DCL case and linear stability

theory with Re..ss, and u. with u..s;.

Reduction of the Input Parameters

One more issue we would like to discuss here is the non-dimensionalization. As
mentioned in section 5.3.2, if we use S and h as the velocity and length scales, a
2DCL simulation needs four input parameters: Re,, Re.cs;, &z, and «,.

Li and Garrett (1993) and Leibovich and Paolucci (1980b) utilized (Reaeffiaesy)
as the streamwise velocity scale, which is different from the vertical and spanwise
velocity scale, (\/Resu.ess), and the Stokes drift velocity scale, S. The advantage is
that the number of input parameters is reduced to three if A is the length scale. They
are: La. Kz, and &,. The ratio of the streamwise and vertical velocity scales is an
output parameter. This non-dimensionalization was also used by Garg et al. (1992).

The important implication is that if two flows have the same La, «., and Ky, then
they have the same flow structure and the quantitative flow fields are related.

We have derived the relationship between our non-dimensional variables and those

by Garg etal, denoted by the subscript “G”, as:

Refeu
Re,
Re.,”

u = we

U = Ug

Uz = u3G\/ﬁe—s

The above equations are useful in relating flows with the same La, &, and Ky, but
different Re, and Re,.;s. They will be used in the next section when we examine the

effects of Eulerian mean flow.
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Stability Diagram

We have run the stability code of Garg et al. (1992) with our profiles of the initial
mean current (linear) and Stokes drift (Equation 5.4). Figure 5.1 shows the stability
diagram for a surface wave with x; = 1.5. This is similar to the figure generated
by Leibovich and Paolucci (1981) for a flow with infinite depth. The solid line is
the neutral stability curve, i. e. the locus of all the points in the (ky, La™!) plane for
which the growth rate, |=;|(x,, La~!), is zero. It is constructed by searching for the
Ky that, for a given La™", produces |@;| = 0. The curve gives the critical LaZ! = 6.65,
below which the flow is stable to all the disturbances.

The dashed line is the locus of points with maximum growth rate. It is plotted
by searching for the x, that generates the greatest growth rate of given La~!. Fur-
thermore, the real part of = for these unstable modes is always zero, i.e., =, = 0.
Therefore, the Langmuir circulation obtained should be a stationary pattern of mo-

tion. i. €. no oscillatory modes occur.

5.4.2 2DCL Simulation

Calculation Setup

The computational parameters for the 2DCL case are given in table 5.1. We consider
a surface with wave slope ¢ = 0.1 and wavenumber x, = 1.5, which gives a deep
water wave. We also selected inverse Langmuir number La~! = 7.0, slightly higher
than Laj! for £, = 1.5, so that the assumptions of linear stability are valid. From
the stability diagram, Figure 5.1, the most unstable spanwise mode is &, = 1.06, for
which the maximum growth rate, |=;| = 0.01885. We set Refc” = Re, = 7.0 for this
case. From equation 5.18 to equation 5.22, it is easy to show that, with our selection
of Re..;; and Re,, the nondimensional variables from our simulation have the same
values as those in Garg et al. (1992). This makes it easier to compare our 2DCL
simulation with stability theory.

The size of computation domain is 2 in depth and 27/k, in width. A 64 x 64

uniform grid is used. As will be shown later, this has reasonable resolution.
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Name | € | k.| x, | Re, | Reuess | La™?
2DCLW [ 0.1 (1.5]1.06 | 7.0 | V7.0 7.0

Table 5.1: Computation parameters for 2DCL case with weak vortex forcing.

Numerical Results

Figure 5.2 shows the contours of the streamwise vorticity at different times. At
t/T = 76, where T denotes the wave period (Figure 5.2(a)), the streamwise vorticity
is very weak. Modes of instability higher than the final wavenumber appear but they
are eventually absorbed by the dominant mode and two counter-rotating Langmuir
cells are formed (Figure 5.2(b)(c)) which persist and grow until a steady state is
reached.

The final steady state field is shown in Figures 5.3 and 5.4. The former gives
the contours of the streamwise vorticity, and the latter plots the spanwise-vertical
velocity vectors and streamwise velocity contours. Figure 5.3 shows that a pair of
Langmuir has developed over three quarters of the depth. Near the bottom wall, the
streamwise vorticity changes sign. This is due to the viscous wall boundary layer
there. The Langmuir cells are asymmetric, as observed in the field (Leibovich 1983).
Moreover. the gradient of the vorticity is greater near the top surface because the
vortex force is bigger there.

Two big recirculation zones are seen in Figure 5.4. They correspond to the oppo-
site signs vortices seen in Figure 5.3. Close to the mid-width and the right end of the
domain, where the streamwise vorticity changes sign, there exist a divergence zone
and a convergence zone, respectively. Since the cores of the Langmuir vortices are
closer to the convergence region, the downwelling flow under the convergence zone is
stronger than the upwelling beneath the divergence zone. This property of Langmuir
circulation is also observed in the field (Weller and Price 1988, Smith et al. 1987).

The steady state vertical velocity profiles at the convergence and the divergence
zones are plotted vs. depth in Figure 5.5. The maximum downwelling velocity is

located just above mid-depth, in agreement with observation (Weller and Price 1988,
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Nepf and Monismith 1991). At steady state, the maximum downwelling velocity ex-
ceeds the maximum upwelling velocity by ~ 50% _
Figure 5.6 gives the surface streamwise velocity profile in the spanwise direc-
tion. The wind-directed surface current has its peak value at convergence zone.
This is another observed characteristic of Langmuir circulations (Langmuir 1938,
Assaf et al. 1971, Gordon 1970), and is called the “current anomaly” (Leibovich 1983).
~ The surface value of the spanwise velocity component is shown as a function of
the spanwise coordinate in Figure 5.7. Its magnitude is anti-symmetric about the
convergence line, which is located near r; ~ 5.8. The largest surface sweep velocity
is found at approximately one-half the distance between the downwelling region and

upwelling region.

5.4.3 Comparison with Linear Stability Theory

Figure 5.8 presents the comparison of the 2DCL simulation with linear stability the-
ory. It plots the development of the spanwise kinetic energy of the perturbation as a
function of time. In the 2DCL case, the initial perturbation is amplified exponentially
at the beginning after an initial adjusting period. The flow field then equilibrates to a
steady state due to non-linearity. From linear stability theory, the growth rate for the
velocity is predicted to be 0.01885. Since the kinetic energy is the squaré of the span-
wise velocity, its growth rate should be twice that or, 0.0377. For comparison, a line
with slope 0.0377 is also plotted. It shows that the growth rate of the perturbation,

0.0369, is in good agreement with linear stability analysis.

5.4.4 Grid Study

A grid resolution study has performed for the 2DCL case. Figure 5.9 plots the error
in the growth rate of the 2DCL cases compared with that obtained from the stability
analysis. It shows that with an increase of the grid number in each direction, the
error decreases in second order fashion. This indicates that the numerical method
used is second order accurate in space, as expected.

In sum, the results indicated the correctness of our computational model.
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5.5 2D Simulation with Moderate Vortex Forcing

This section performs a 2DCL simulation with moderate vortex forcing. In the first
subsection, the computational parameters are selected. The evolution of Langmuir
circulation is then discussed in the second subsection. The third subsection examines
Langmuir circulation structures and properties. Finally, the effects of the Eulerian

mean flow are explored in the fourth subsection.

5.5.1 Parameter Estimation and Calculation Setup

First, we shall evaluate the importance of the Eulerian mean flow, compared with the
wind driven current. Since the Eulerian mean flow profile is given by equation 4.77,
we can estimate the ratio of the shear induced by the wind-driven current to that by
the Eulerian mean flow, 3:

u?? u??

- = 5.23
4, kdS  2pe20? ( )

where ¢¢ is the dimensional radial frequency of the surface wave; v, the eddy viscosity,
u? the friction velocity, and € the wave slope.

In field observations, u? is usually assessed from the wind speed with an empiri-
cal drag formulation (Smith 1988, Jones 1985). A typical surface stress in MILDEX
(Smith et al. 1987, Weller and Price 1988) is 7, = p%u??* = 0.2N/m?2. correspond-
ing to a wind speed of 10 ~ 15m/s. This gives u. = 0.014m/s. A represen-
tative eddy viscosity from ocean subgrid parameterization is v, = 4 x 1073m?/s
(Skyllingstad and Denbo 1995). For a characteristic ocean wave with wave slope
¢ = 0.1 (Smith 1992, Weller and Price 1988) and wave period T = 27/c? = 4s,

we obtain:
B~1 (5.24)

Therefore, the wind-induced stress is comparable to the wave induced stress.
Obviously, the value of 8 is sensitive to the estimate of the eddy viscosity. A

more accurate evaluation of the wave stress would use the eddy viscosity near the
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surface. However, we have poor understanding of this issue. As an approximation.
we estimate the near-surface eddy-viscosity as v, = u?zg, where zq is the length
scale of turbulent eddies near the top. A good candidate for this length scale is the
roughness (O (107'm)) proposed by Craig (1996). Therefore, v, ~ 1.4 x 10~3m?/s,
which is of the same order of magnitude as the bulk eddy viscosity above.

Furthermore, we have examined the experimental data on both mechanical and
wind waves by Cheung (1985) and have calculated the near-surface eddy viscosity from
the ratio of surface stress to the mean shear near the top. Although the computation
of the mean velocity gradient is pretty rough, (In the data, the velocity near the
surface sometimes decreases as it approaches the surface! We have to use points
further down) the near-surface eddy viscosity is approximately fitted to 0.5Rel;,
where Re., = u#?/o?v is the Reynolds number based on the length scale u?/o?, as
shown in Figure 5.10. Using the parameters for the field condition as discussed ealier.
we obtain Re., = 125 and v; ~ 0.7 x 10~3m?/s, supporting our previous estimates.
Nevertheless, the experiments of both Craig (1996) and Cheung (1985) have wave
breaking, which induces extra shear and may adversely affect our estimate of the
eddy viscosity. Further experimental studies are needed to accurately determine the
wave stress importance.

For the simulation, we chose the domain depth to be 25m. a typical mixed
layer depth in the Pacific Ocean off the California coast, as shown in MILDEX
(Smith et al. 1987, Weller and Price 1988). The surface wavenumber is selected as
xr = 2.0, corresponding to a wave lengtil of 40m. The wave slope is set to € = 0.1.
We also set the wave number in the spanwise direction to x, = 1.57, which gives an
aspect ratio of the Langmuir circulation around 1.0, as proposed by Smith (1992).
Li and Garrett (1993) argued in the ocean, the Langmuir number is in the range of
0.0004 ~ 0.004 (0.001 ~ 0.01 with their definition). We pick La = 0.007, which allows
the magnitude of the vortex force to be physically reasonable, yet with a viscous force
large enough to justify the constant eddy viscosity assumption. This case also corre-
sponds to the case studied by Li and Garrett (1993), in which La = 0.02 according
to their definition, permiting comparison of our simulation with their results.

In the case including Eulerian mean flow effects, we use Re, = 36 and Re. = 7.
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Name | ¢ |k, | k, | Re, | Rewess [ La”!
2DCLM [ 0.1 {12.0(1.57] 36 24 144

Table 5.2: Computation parameters for 2DCL case with moderate vortex forcing.

This produces a ratio of the wind-driven stress to the Eulerian mean flow stress,
B = Re?/4k. Re,, of approximately unity. From equation 5.17, with Re,, Re., and &,
selected, we have Re..;; = 24.

The computational parameters for this case are summarized in table 5.2.

The domain size is 2 in depth and 27 /k, in width. A 64 x 64 grid is used. The
grid is stretched vertically with a = 0.98 (see section 3.2) to put more points in the
top and bottom boundary layers. A uniform grid is used in the horizontal direction.

As mentioned in section 3.3, according to Li and Garrett (1993), the impor-
tant length scales in this case are the thicknesses of the surface boundary layer
and the narrow downwelling zone. They are: §, ~ O ((La1/227r/rcy)) ~ 0.26, and
Odownwelling ~ O ((La‘/221r/n‘,)) ~ 0.34, respectively. With the above grid, we have
approximately 18 points in the surface boundary layer and 6 in the downwelling zone.

Thus we expect that the resolution is adequate.

5.5.2 Evolution of Langmuir Cells
Cell Merging Process

The evolution of the streamwise vorticity is illustrated in Figures 5.11 to 5.13. Small
longitudinal vortices appear first. Then they merge into bigger cells. This process
continues until two big counter-rotating Langmuir circulations are formed at the
steady state.

The cell merging has been observed in field as well as in laboratory experiments.
For example, during their Flip cruises, Weller and Price (1988) found that the com-
puter cards they distributed on the ocean surface first merged into short lines with
several meters long, and several meters apart. Later, these short lines join each other

to form lines up to tens meters long, with 10 ~ 40 meters spanwise intervals. This
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coalescence was carried further. Long lines of computer cards that are approximately
100 meters apart appeared. Furthermore, if new cards were scattered. the merging
process repeated, indicating the existence of a hierarchy of scales on the ocean sur-
face. This process has also been seen by Thorpe (1992), Farmer and Li (1995) in their
observations of bubble clouds generated by wave breaking. Adjacent bubble bands
formed by Langmuir circulations tend to combine to form a “Y junction™.

Faller and Auer (1988) suggested that the Y junctions are formed via a inverse
energy cascade similar to that in two dimension turbulence. As mentioned by Me-
lander et al. (1988), in two dimensional turbulence, vortices of the same sign tend to
amalgamate into bigger vortices if they are close enough together. A pair of vortices
of opposite signs, if they are located near an upwelling region, do not merge but
move apart. This process is due to the free surface. The surface can be represented
by image vortices rotating in the sense opposite to the actual vortices and brings
together a pair that is responsible for downwelling. This process is not observed in
the homogenuous turbulence. A pair of opposite sign vortices at a downwelling zone
tends to sink as a dipole. Thorpe (1992) proposed that besides like-sign vortex amal-
gamation vortices of opposite signs are “squeezed” by their neighboring vortices and
thus cancel due to turbulent diffusion.

We note that in two dimensional turbulence, dissipation is rather weak because
there is relatively little contact area between the large vortices. Recall that dissipation
is. in the end. a diffusive process and the lack of contact area gives it little fluid to
operate on.

Li and Garrett (1993) argued that only the counter rotating vortex cancellation
process appears in Langmuir circulation in their simulation. No vortex merging was
observed. However, detailed observations were not reported. From the time sequences
shown in their paper, one can observe that three vortices pairs become two, but can
not see how it happens. McWilliams et al. (1997) found that in their large eddy
simulation with three dimensional Craik-Leibovich equations (3DCL) that like-sign
vortex amalgamation and opposite-signed vortex suppression occur.

From the time sequences of our 2DCL simulation, shown in Figures 5.11 to 5.13,

we found that the cell merging process resembles two dimensional turbulence. The
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differences are due to the free surface effects mentioned above and the existance of
stretching and compression in the third dimension that causes the circulation of an
individual vortex not to be conserved.

The streamwise vorticity grows from the small initial disturbance due to the Craik-
Leibovich forcing. Shortly after the flow starts to evolve, at t/T = 212, three pairs
of counter rotating vortices can be clearly identified (Figure 5.11(a)). This state is
not stable. As the second and third vortices from the left grow stronger, the first and
the fourth vortices are pushed downward (Figure 5.11(b)). Later (Figure 5.11(c)) at
t/T = 308, the first and the fourth vortices seen in Figure 5.11(a) are pushed down
further, while a bigger pair of vortices is formed at the top of the domain through
same-sign amalgamation: the second vortex combines with the sixth one (recall the
periodic boundary condition), and the third vortex with the fifth one.

The vortex pair at the top in Figure 5.11(c) forms an upwelling zone near the
left boundary and a downwelling zone close to the right side. The upwelling zone is
marked by a transition from the positive (red) to negative vorticity (blue), and the
downwelling zone is marked by a transition from negative to positive vorticity. The
vortex cores near the downwelling zone sink as a dipole, pairing with the two vortices
beneath them. The lower red cell in Figure 5.11(c) moves around the big blue cell
above it. During this process the red cell goes all the way to the top and grows,
splitting the big blue vortex into a strong negative vortex at the right, and a weaker
on to the left, which might be destroyed later by viscous cancellation. The lower blue
vortex in Figure 5.11(c) moves around the big red cells above. It moves upwards and
is weakened and trapped beneath the bigger positive vortex. This process is shown
in Figures 5.11(d) to 5.11(e).

Compared with Figure 5.11(c), which only has one pair of vortices at the top,
smaller scales are regenerated in Figure 5.11(e) through the vortex splitting process.
As a result, two pairs of vortices are found near the surface. The stronger vortices on
the right drive each other away from the upwelling zone, as shown in Figure 5.11(f).
The other sides of these two vortices collide near the left side (Figure 5.12(a)) and
squeeze and push down the weaker vortex pairs between them. In the mean time, the

bottom boundary layer starts to develop.
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After t/T = 415, these processes are repeated. The two counter rotating vortices
sink as a dipole (Figure 5.12(b)), while the weaker red vortex below them moves up-
ward and the big blue one is split into two cells. (Figure 5.12(c)). Next, the two strong
cells propel each other from the upwelling and bump together near the downwelling
zone, pushing the weaker vortex pair between them downward (Figures 5.12(d) and
5.12(e)). No vortex cancellation is observed during this process. In Figures 5.12(d)
and 5.12(e), the big blue vortex pushes down the weaker red one on its right, and
then “gobbles up” the weak green cell, while the weaker red one merges with the
stronger red vortex.

From t/T = 573 (Figure 5.12(f)) to t/T = 842 (Figure 5.13(e)), another cycle
occurs with processes similar to those described above, while the bottom boundary
layer increases in strength. Finally two large Langmuir circulations that cover most
of the domain remain. After that, the Langmuir circulations oscillate back and forth
in the spanwise direction until steady state is reached.

In conclusion, we have observed like-sign vortex amalgamation, vortex splitting,
opposite-signed vortex pairs being driven apart near the upwelling zone, and sinking
as a dipole at the downwelling zone. We have also seen the weaker opposite-signed
vortices squeezed by neighboring stronger vortex pairs. Unlike two dimensional ho-
mogeneous turbulence, the Craik-Leibovich forcing acts as a source of vortex growth
and might transfer energy from one vortex to another. However, unlike the claims of
Li and Garrett (1993) and Thorpe (1992), we find very little, if any, vortex cancella-
tion. We believe that further growth of the vortices is inhibited by the layer depth.

To show this conclusively, we would need to do a simulation in a larger domain.

Velocity Field Development

The merging process described above is also reflected in the development of the ve-
locity field. In Figure 5.14, the profiles of surface downwind velocity as a function
of spanwise direction are plotted at different times. At t/T = 212, three maxima
and three minima are found. The three maxima mark the current anomalies that
occur at the downwelling zones between vortex pairs shown in Figure 5.11(a). Later,

at t/T = 516, the three pairs of vortices become two pairs and there are only two
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maxima of the downwind velocity (the dashed lines in Figure 5.14). The more dis-
tinctive peak in the left is associated with the stronger vortex pairs in Figure 5.12(c),
while the weaker anomaly at the right is due to the less powerful vortex pairs. At
t/T = 516, the cell merging process is close to finish, only one pair of counter rotating
vortices is left (Figure 5.13(f)). This produces a single maximum in the downwind
surface profile (the diamonds in Figure 5.14).

It is also clear in Figure 5.14 that the downwind velocity at the surface decreases
with time. This is because the Langmuir circulation transports fluid with larger hori-
zontal momentum downward from the surface, and brings fluid with lower downwind
momentum up to the surface, thereby decreasing the downwind velocity near the
surface.

The surface spanwise velocity profiles are illustrated in Figure 5.15 for the same
times. At time zero, the spanwise disturbance is negligible. It then grows to finite
amplitude as the counter rotating pairs of vortices are formed. At {/T = 212 there
are three maxima and three minima, like the downwind velocity profile. The same is
true at {/T = 516 and t/T = 1060. The downwelling zones. where current anomaly
occurs, are zeros of the spanwise velocity curves. An exception occurs at /T = 516
in Figure 5.15, where the weak downwelling zone on the right is not marked by zero
spanwise velocity. Instead, this downwelling is indicated by an inflection point.

The development of Langmuir circulations is also illustrated in Figure 5.16, which
shows the development of the kinetic energy of the spanwise velocity component. It
can be observed that the initial two dimensional Couette flow is highly unstable. It
gives rise to the spanwise and vertical motion that forms the Langmuir circulation.
Starting from an infinitesimal initial value, the spanwise energy component increases
exponentially due to the vortex forcing. After about 400 wave periods, the kinetic

energy begins to oscillate and later the flow relaxes into a steady state.
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5.5.3 Langmuir Circulation Structures and Properties
Flow Field at Steady State

The flow with moderate vortex forcing exhibits similar structures to those in the weak
vortex forcing case discussed in section 5.4. Figure 5.17 depicts the streamwise vor-
ticity contours at steady state. The pair of Langmuir circulations are more powerful
than those in the weak forcing case (Figure 5.3). They penetrate further down into
the domain, leading to thinner, stronger boundary layers near the bottom surface.
Furthermore, each cell is more asymmetric, with stronger streamwise vorticity near
the downwelling zone and lower vorticity near the upwelling zone.

This asymmetry causes a stronger downwind jet at the downwelling zone, as seen
in Figure 5.18. From the streamwise velocity contours, it can be observed that the
flow moves faster at the downwelling zone than that at the upwelling zone. As in
Figure 5.4. two stronger recirculation zones develop between the upwelling and down-

welling zones. The bottom boundary layers are clearly seen.

Vertical Velocities

Figure 5.19 shows the vertical velocity profiles at the convergence and divergence
zones. Although it shows stronger downwelling and upwelling events compared with
the weak forcing case (Figure 5.5), the location of the maximum downwelling velocity
is about the same, i. e. just above the mid-depth of the domain. This is because that
the downwelling jet cross section first converges then diverges with depth. Since the
spanwise velocity in the downwelling jet is nearly zero, due to continuity, the vertical
velocity should be maximum where its cross section area is minimum, i. e. near the
mid-depth of the channel.

The downwelling jet can be better seen in Figure 5.22, where the vertical velocity
profile is plotted as a function of y. Clearly, a narrow region with high downward
velocity can be observed near y = 2.5, with a downwelling velocity about twice the
upwelling velocity.

The relationship between the maximum downwelling velocity and the wind speed

is one of the major items measured in field observations. Leibovich (1983) summarized
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early observations (Sutcliffe et al. 1963, Harris and Lott 1973, Filatov et al. 1981)

with two linear relationships that gives the range of the downwelling speed:
0.0025U¢ < wi,,. < 0.0085U% (5.25)

where w3, denotes downwelling velocity and U? the wind speed. Weller and
Price (1988) pointed out that the data that gave the above relation were obtained very
near the surface and thus underestimated the downwelling. From their measurements
at locations further below the water surface, the downwelling velocity is greater than
the values suggested by equation 5.25. For a wind speed of 5m/s to 15m/s, the max-
imum downwelling velocity observed ranges from 0.15m/s to 0.26m/s. Furthermore,
the data are scattered and can not be fit with a simple linear relation. From their
Figure 23, w4, /U2 is between 0.025 and 0.03.

From Figure 5.19, we have a maximum downwelling velocity as wioun = wh,./S =
2.37. A relationship between the characteristic Stokes drift, S. and the wind speed
has been suggested by Li and Garrett (1993) as:

S =0.0080¢ (5.26)

Thus we find that our maximum downwelling velocity is wg,,, = 0.019U%. This

down

within the range predicted by Weller and Price (1983).

Downwind Velocities

The downwind “squirts” seen in the field (Smith et al. 1987, Weller and Price 1988)
have been predicted by simulations. As shown in Figure 5.21, the downwind velocity
profile at the top surface has a narrow peak above the downwelling zone, which
is located at y =~ 2.5. The downwind velocity reaches its minimum value at the
upwelling region, located at y ~ 0.7. The slow fluid particles that emerge from the
upwelling zone accelerate in the downwind direction while being swept toward the
convergence zone.

The downwind velocity profiles in the spanwise direction change with the depth.

For example, in Figure 5.22, the spanwise profile of the downwind velocity is shown
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at the depth where maximum downwelling occurs. Besides the downwind jet, there
is a confined region of reduced downwind velocity at the upwelling zone. It is formed
by the slower fluid that is convected upward by the Langmuir circulation.

The difference of the downwind velocities at the downwelling and upwelling zones
is plotted in Figure 5.23. Two subsurface maxima are found, with one near the
bottom of the domain and the other near the surface, which leads to a negative
vertical shear of the downwind velocity. This has been confirmed by field observa-
tions (Weller and Price 1988, Smith et al. 1987).

Weller and Price (1988) also found that the magnitude of the velocity in the
downwind jet is comparable to the downwelling velocity. This feature is represented
by Li and Garrett’s (1993) variable “pitch”, denoted by Pt, the ratio of the sur-
face jet strength to the maximum downwelling velocity. According to Weller and
Price (1988), the maximum downwind velocity can be up to 0.4m/s. They also found
a maximum downwelling velocity of 0.3m/s, although downwelling velocities in the
range 0.05 ~ 0.1m/s were very common. Since the maximum downwind jet of 0.4m/s
was subsurface. we believe it is more appropriate to define the pitch as the ratio of
the maximum downwind jet strength below the surface to the maximum downwelling

velocity. That is:

Pt = (uldownwclling - ulupwclling)maz‘/(u3downwelling )mar (527)

From the data collected by Weller and Price (1988), it can be inferred that Pt is
in the range of 1.33 ~ 8. From our computation, we have a maximum downwind
jet velocity of 3.63 at = = 0.82 (Figure 5.23), and a maximum downwelling velocity
of 2.37 at = = 0.25. Thus the pitch we get is: Pt = 1.53, which is within the
observed range. However, the measurements were made under turbulent conditions
while the simulations are of laminar flow. Thus the comparisons should not be taken

too seriously. See chaper 6 for the turbulent case.

Spanwise Velocities

-

The surface sweeping velocity profile is shown in Figure 5.24. As in the weak vortex

force case, the maximum surface sweeping velocity is achieved about half way between
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the convergence zone and the divergence zone, although it is much stronger than in
the weak vortex forcing case in Figure 5.7. The same property was also discovered
by Leibovich and Paolucci (1980b).

Mixing of Horizontal Momentum

The mixing effects associated with Langmuir circulation are clearly demonstrated in
Figure 5.25. It shows the vertical profiles of the spanwise averaged downwind velocity
at the beginning and at the steady state. With the powerful convective motion of the
Langmuir cells, the initial linear profile becomes a well-mixed uniform profile for the

fluid column between the top and bottom boundary layers.

5.5.4 Effects of the Eulerian Mean Flow

To study the effects of the Eulerian mean flow, we consider another 2DCL case with-
out the Eulerian mean flow. This case has the same surface wave (x., €¢), the same
spanwise periodicity (x,), and the same vortex force (La). The only difference is that
it has a different combination of Re, and Re..ss from the 2DCL with the Eulerian
mean flow. Corresponding to Li and Garrett (1993), S/u. is typically 5. Thus we
select Re, = 80.4 and Re. = Re..;y = 16.08. This both satisfies the above condition
and produces the same La as in the 2DCL case with the Eulerian mean flow.

As shown in section 5.4.1, the two flows are similar. Furthermore, the two flows
are related by Garg’s nondimensional variables, given by equations 5.18 to 5.22.
Therefore, the two flow patterns should be the same. With equations 5.18 to 5.22,
one can derive the flow field for the case without the Eulerian mean flow from that
with the Eulerian mean flow via Garg’s nondimensional variables.

The results are presented in Table 5.3, which compares of the 2DCL results with
the field observation by Weller and Price (1988). The two parameters used in last
subsection are examined. Clearly, the case with the Eulerian mean flow effects pro-
duces better results, especially for the pitch, which, without the Eulerian mean flow,
is far below the range observed in the field. With the Eulerian mean flow effects, a
reasonable pitch value is achieved. Again, one should be cautious about comparing

measurements in a turbulent flow with laminar simulations.



CHAPTER 5 110

Pitch (Max. Max. Downwelling Vel
Downwind Jet Strength / Wind Speed :
/Max. Downwelling Vel) :
Experiment
(Weller and Price 1988) 1.33 ~ 8.0 0.0025 ~ 0.03
2DCL With
Eulerian Mean Flow 1.53 0.019
2DCL Without
Eulerian Mean Flow 0.71 0.009

Table 5.3: 2DCL case with La~! = 144, k; = 2.0, %, = 1.57. Comparison of the numerical
results with the field observations for cases with and without the effects of the Eulerian
mean flow.

5.6 3D Simulation in a Wavy Domain with No Ex-
plicit Vortex Forcing (3Dwavy)

The simulations in the previous two sections integrate the Craik-Leibovich equations
in a rectangular domain. In this section, a flow under a second order propagating
Stokes wave is studied by solving the full Navier-Stokes equations. The results will be

used to validate the key assumption of the Craik-Leibovich theory in the next section.

5.6.1 Calculation Setup

Table 5.4 summarizes the parameters used in the 3Dwavy simulation. We study a
deep water wave with x; = 1.5 and € = 0.1. In subsection 5.5.1, we showed that the
stress due to the wind induced current is comparable to that of the Eulerian mean
flow in a fully developed sea. In order to satisfy this condition Re, and Re. are
chosen as 7.0 and 6.0, respectively. This combination of parameters gives an effective
Reynolds number of Re..;y = 8.83. According to our definition (equation 5.16),
the Langmuir number is 0.04. The other parameter, &, is set to 2.1, the preferred
spanwise wavenumber obtained from linear stability theory (Garg et al. 1992). This
simulation corresponds to a scenario that might happen in a fully developed sea.
The domain size is 21/« in length, 27 /&, in width, and 2 in depth. A 64 x 64 x 64
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Name € | &k | k, | Re, | Re. | La™!
3DwavyLl | 0.1 [15]2.1| 7.0 | 6.0 | 23.4

Table 5.4: Computation parameters for 3Dwavy case with constant eddy viscosity.

computational grid is used. Uniform grids are used in the lateral directions, while
hyperbolic tangential stretch with a = 0.98 is used in the vertical direction.

In this case, three important length scales exist: the wavy boundary layer thick-
ness, 6, the thickness of the surface boundary layer due to Langmuir circulation, é;,
and the downwelling zone thickness, Sdoumwelting- With the latter two estimated by Li

and Garrett (1993), the three length scales are written as:

by~ O (,/QV/(angM)) ~ 0.03 (5.28)
8 ~ O (La'*2n/x,) ~ 0.6 (5.29)
6downwelling ~ 0 (Lal/227r/""r) ~ 0.9 (530)

Therefore, the surface boundary layer due to Langmuir circulations is thicker than
the wavy boundary layer. With the above grid, we can achieve reasonable resolution:
about 6 points inside the wavy boundary layer and 18 points in the downwelling zone.

The code is run on the Cray J90 in the Environmental Fluid Mechanics Laboratory
at Stanford. Since it requires thousands wave periods for the Langmuir circulation to
reach steady state, and the computational time step is limited by the CFL criterion

described in section 3.4, it takes about 30 days for this case on a single CPU,

5.6.2 Numerical Results
Flow Development and Vorticity Field

The initial 2D wavy flow obtained from a separate 2D simulation is perturbed by small
random noise of magnitude of O (10~%). As expected, the flow is highly unstable. As
shown in Figure 5.26, the magnitude of the spanwise motion grows exponentially right

from the beginning. The spanwise kinetic energy undergoes an overshoot at ¢t/T ~
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300, then settles into a steady state. The same overshoot has also been observed by
other researchers (Leibovich and Radhakrishnan 1977, Leibovich and Paolucci 1980b,
Li and Garrett 1993), and in the 2DCL case in the last section (See Figure 5.16).

The evolution of the streamwise vorticity is illustrated in Figures 5.27 and 5.28.
The streamwise vorticity field starts from weak white noise (Figure 5.27(t = 0)).
At time ¢t = 127T, there are four counter-rotating cells near the top surface. Their
vorticity increases with time and they deepen. At t = 245T (Figure 5.28), the four
cells have merged into two larger cells, which continue to evolve until they reach the
final steady state as shown in Figure 5.28 (¢t = 1512T).

The flow development process is similar to the 2D simulation based on the Craik-
Leibovich equations. Furthermore, the Langmuir circulations in the 3Dwavy simula-
tion resembles those in the 2DCL calculations, compared with Figures 5.3 and 5.17.
As depicted in Figure 5.28 (t = 1512T), at steady state, two counter rotating vortices
occupy most of the domain under the wavy surface, and a thin boundary layer is
formed at the bottom.

Unlike the 2DCL simulations, however, the Langmuir circulations in this case are
embedded in a wavy flow. As seen in Figure 5.29, which plots the spanwise vorticity
contours. the propagating wave generates an oscillatory, confined wavy boundary
layer under the top surface, and a thin, oscillatory bottom boundary layer as well.
The contours on a streamwise vertical plane resemble those from a 2Dwavy simulation
(see Figure 4.2), indicating that the wave field structure has not been changed much -
by the Langmuir circulations.

Comparing Figure 5.29 with Figure 5.28 (¢ = 1512T), it is obvious that the
spanwise vorticity is one order of magnitude stronger than the Langmuir circulation.
This confirms the assumption in the Craik-Leibovich theory that the wavy field is of
first order in wave slope and the Langmuir circulation is of second order.

The vertical vorticity contours are presented in Figure 5.30. As expected from
the CL2 mechanism in the Craik-Leibovich theory (Leibovich 1983), the Langmuir
cell with positive streamwise vorticity has positive vertical vorticity, and vice versa.
Thus, the 3Dwavy simulation supports the hypothesis in the Craik-Leibovich theory

that Langmuir circulations are formed by the interaction of the Stokes drift and the
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mean flow.
The structure of the vertical vorticity field also shows the existence of the current

anomaly, as reported in experiments (Langmuir 1938, Weller and Price 1988). Fig-
ure 5.30 displays a strong vortex pair near the top surface, and another pair near
the bottom (recall the periodic boundary condition in the spanwise direction). The
signs of these vortices indicate that near the top surface, the streamwise (downwind)
velocity is higher at the downwelling zone than in the neighboring area: near the

bottom wall, the downwind velocity is lower at the upwelling zone.

Streamwise and Vertical Velocities

The vertical velocity is dominated by the wave field. As seen in Figure 5.31(a), on a
streamwise-vertical plane, the vertical velocity exhibits a sinusoidal-like variation in
the streamwise direction and rapid decay with depth. This is characteristic of a two
dimensional wavy field as discussed in chapter 4.

The first order wave field is modified by the second order Langmuir circulation.
In Figure 5.31(b), the variation of the vertical velocity in the spanwise direction is
presented. At the trough of the surface wave, where there is no vertical motion due
to the wave, a region of negative vertical velocity marking the downwelling zone can
be clearly identified near midpoint in the spanwise direction. The upwelling zone
is marked by the region of positive vertical velocity. The maximum downwelling
velocity occurs above the mid-depth of the domain, in agreement with the 2DCL
simulations in the previous sections and field observations (Weller and Price 1988,
Smith et al 1987). At the forward slope (r = 1/4L.), where the vertical wave
motion is large, the effect of the Langmuir circulation bends the positive vertical
velocity contours upwards at the downwelling zone, and tilts them downwards near
the upwelling zone. At the backward slope (z = 3/4L.), where the wave motion is
downward, Langmuir circulation causes the negative contour to be bent downward at
the downwelling zone and upward at the upwelling zone.

The streamwise velocity is shown in Figure 5.32. In Figure 5.32(a), the properties
of a two dimensional wavy field, i. e., the sinusoidal variation along the streamwise

direction and the fast decay with the depth, are evident. However, the maximum
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forward velocity is greater than the maximum backward velocity, implying that there
is a mean current superimposed on the wave field, which will be discussed in the next
section.

The current anomaly (Leibovich 1983, Langmuir 1938, Weller and Price 1988) is
shown in Figure 5.32(b), where the spanwise variation of the downwind velocity is
given. At the downwelling, the positive contour lines are bent downward at the
forward and backward slopes of the surface wave, while the negative contour lines
are pushed upward at the trough. This indicates that the downwind velocity at

downwelling zone is greater than that at the upwelling zone.

Modulation by the Surface Wave

As discussed in the last subsection, the Langmuir circulation modifies the wave field.
On the other hand. the wave field also modulates the Langmuir cells in the streamwise
direction.

As an example. Figure 5.33 depicts the iso-surface of the streamwise vorticity
with magnitude of 2.25. The variation of the shape of the Langmuir circulations
along the streamwise direction can clearly be seen. The vortex tubes contract under
the forward slope of the surface wave and expand under the backward slope. showing
the Langmuir circulations are affected by the wave motion. A closer look of the
streamwise variation is given in Figure 5.34, which shows the streamwise vorticity
contours on the streamwise vertical plane of the center of one of the Langmuir cells.
The maximum streamwise vorticity occurs slightly to the right of the trough.

Due the influence of the wave motion, the convective motion of the Langmuir
circulation may be hard to identify at some phases of the surface wave. Figures 5.35
to 5.38 compare the velocity vectors and the streamwise velocity contours at differ-
ent streamwise locations. Near the crest and trough of the wave, where the vertical
velocity of the wave field is close to zero, two counter rotating Langmuir cells can
be recognized (Figure 5.38 and 5.36). On the forward and backward slopes, how-
ever, the wave field contains vertical motion. As seen in Figures 5.35 and 5.37, the
second order Langmuir circulation is hidden by the first order wave motion and can

not be detected. Therefore, to measure the Langmuir circulation in experiments,
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Name € | k. | K, | Re; | Reweys | La™!
2DCLLIE {0.1 15|21 7.0 { 883 | 23.4

Table 5.5: Computation parameters for the 2DCL comparison case with 3DwavyLl.

averaging of the data over several wave periods, such as those used in the Flip
cruises (Weller and Price 1988, Smith et al. 1987, Weller et al. 1985), is essential.

5.7 Comparison of 3Dwavy Simulation and Craik-
Leibovich Theory

The basic assumption of the Craik-Leibovich theory, the disparate time scales, is
verified by comparing our 3Dwavy results with those obtained from a 2DCL simulation
based on the Craik-Leibovich equations.

The computational parameters of the 2DCL case are listed in table 5.5. The 2DCL
case has the same K, £, Re, and La as the 3Dwavy flow. The base flow of the 2DCL
case contains a Stokes drift determined by the surface wave and a linear mean current
with the same slope as that under the top boundary layer in 3Dwavy case. Thus, the
current incorporates the effects of both the wind stress and the Eulerian mean flow.
The effective stress Reynolds number from the total shear stress. Re..sy, is 8.83. A
64 x 64 uniform computational grid is used.

Figure 5.39 shows the growth of the spanwise kinetic energy integrated over the
whole domain for both the 3Dwavy and the 2DCL cases. To make the two cases
comparable. the values shown for the 2DCL case are the product of the integral of the
kinetic energy over the two dimensional domain of the 2DCL case and the streamwise
length of the 3Dwavy domain. It can be observed that after an initial adjustment
period. the perturbations in both flow grow at essentially the same rate. Afterwards,
the kinetic energy overshoots about the same amount in both cases and then relaxes
to approximately the same final value. The difference of the initial adjustment pattern
of the kinetic energy might be caused by an incorrect initial guess of the pressure field

in either cases or the initial conditions.
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Figure 5.40 compares the streamwise vorticity field between the 3Dwavy and 2DCL
cases. The contours for the 3Dwavy case are obtained via streamwise averaging along
the inviscid streamlines. The contours of the 2DCL case have been phase-shifted in
the spanwise direction so that the downwelling occurs at the same spanwise location
as in the 3Dwavy case. This phase shift makes no difference since periodic boundary
conditions are used. It can be observed that the vorticity fields in the two cases are
nearly identical.

The same situation also applies to the velocity field, as shown in Figure 5.41. The
streamwise velocity contours from the two cases closely resemble each other. Since a
stretched grid is used for the 3Dwavy case and a uniform grid for the 2DCL case, the
flows are hard to compare quantitatively in this plane.

In Figure 5.42, the profile of vertical velocity with depth are depicted at the
upwelling and downwelling regions. Excellent agreement is achieved between the
3Dwavy and 2DCL cases.

Figure 5.43 presents the downwind velocity profiles at the top surface for the
3Dwavy and 2DCL cases. The profile of the 2DCL case has been phase-shifted to
make the comparison. The current anomalies at the top surface are alike. Close
resemblance is also observed in the profiles of the downwind jet strength, as shown in
Figure 5.44. Both cases predict subsurface maxima of the downwind jet, as in field
observations (Weller and Price 1988, Smith et al. 1987).

As final evidence of the remarkable success of the Craik Leibovich theory, both
cases give almost identical mixing effects of Langmuir circulation on the streamwise
momentum. In Figure 5.45, horizontally averaged streamwise velocity profiles are
displayed. Compared to the initial linear mean current, the horizontally averaged
mean current exhibits a region of uniform velocity caused by the mixing due to the
convective Langmuir circulation.

The comparison of the 3Dwavy and the 2DCL cases indicates that the flow
obtained by integrating the Navier-Stokes equations directly matches the Craik-
Leibovich theory with remarkable precision. Both predict the characteristics of Lang-
muir circulations similar to those observed in field. Therefore, the averaging used in

Craik-Leibovich theory is justified. Again, the difficulty of comparing laminar and
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turbulent flows should raise a caution flag.

5.8 Summary

Langmuir circulations in a flow with constant viscosity have been studied with two
dimensional simulations based on the Craik Leibovich theory and three dimensional
simulations that use a wavy top surface.

The computer code has been validated by the comparison of the numerical results
for a weak vortex forcing case with the linear stability theory.

To account for the Eulerian mean flow effects, we suggest that the conventional

Langmuir number must be modified to:
La = (Re,Re?,;;)™'/? (5.31)

where Re, is the Reynolds number based on the characteristic Stokes drift velocity
and the half depth of the domain, and Re..ss a effective Reynolds number based on
the half domain depth and the friction velocity due the both the wind stress and the
Eulerian mean flow induced stress. We estimate that the wave stress is comparable
to the wind stress. However, the ratio of these two stress highly depends on the eddy
viscosity near the top surface, which need to be further studied in experiment.

Both types of simulations predict the correct characteristics of the Langmuir cir-
culations. In the 2DCL simulation with carefully selected parameters, from the time
sequences of the streamwise vorticity evolution, we found that the cell merging process
resembles the inverse energy cascade in two dimensional turbulence. Vortex pairing
and splitting processes are observed. Very limited vortex cancellation of the type
suggested by Li and Garrett (1993) is found.

Eulerian mean flow effects are important in predicting the correct quantitative
properties of Langmuir circulations. With the Eulerian mean flow, the 2DCL simula-
tion with the Eulerian mean flow effects gives values of the maximum downwelling ve-
locity and the pitch that lie within the range of field observations (Weller and Price 1988,
Smith et al. 1987). Without it, the pitch predicted is far below the observed value.

Thus the effects of the Eulerian mean flow need to be included in the Craik-Leibovich
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theory, which is achieved by including the wave stress in the total stress at the top
surface.

The key assumption of the Craik-Leibovich theory, disparate time scales, is exam-
ined by performing a 3Dwavy simulation of a flow under a propagating wavy surface
using the full Navier-Stokes equations. Without averaging, Langmuir circulations
found in the simulation coexist with the wave field and are modulated by the sur-
face wave. Averaged in the streamwise direction, the 3Dwavy results are in excellent
agreement with those from the calculation based on the Craik-Leibovich theory with
the Eulerian mean flow effect included. Thus, the results both have verified the
key assumption of the Craik-Leibovich theory and have confirmed the correctness of
our 3D computer code for the flow under a wavy surface. Indeed. the validity of

the Craik-Leibovich theory under the condition for which it was derived has been

demonstrated.
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Figure 5.1: Stability Diagram for s, = 1.5.
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Figure 5.2: 2DCLW with La = 1/7,Re, = 7,k = 1.5,k, = 1.06. Development of
streamwise vorticity (normalized by S/h). (a):¢t/T =76,(b): t/T = 1241,(c) : t/T = 1910
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Figure 5.3: 2DCLW with La = 1/7,Re, = 7,k; = 1.5,k, = 1.06. Streamwise vorticity
(normalized by S/h) at steady state.
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Figure 5.4: 2DCLW with La = 1/7,Re, = 7,k; = 1.5,k, = 1.06. Velocity vectors and
streamwise velocity contours (normalized by S) at steady state.
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Figure 5.5: 2DCLW with La =
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Figure 5.6: 2DCLW with La = 1/7,Re, = 7,5, = 1.5, Ky = 1.06. Surface downwind
velocity (normalized by §) as a function of y (normalized by 4) at steady state.
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Figure 5.7: 2DCLW with La = 1/7,Re, = 7,5, = 1.5, Ky, = 1.06. Surface sweeping
velocity (normalized by §) as a function of y (normalized by k) at steady state.
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Figure 5.8: 2DCLW with La = 1/7,Re, = 7,k, = 1.5, Ky = 1.06. Development of kinetic
energy computed from spanwise velocity (normalized by §2) versus time. The dashed line
has a slope given by linear stability theory.
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(e) ¢/T = 376

Figure 5.11: 2DCLM with Re..;f = 24,Re, = 36,k; = 2.0,k, = 1.57. Streamwise
vorticity contours (normalized by S/h) at various times. Part 1 of 3
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Figure 5.12: 2DCLM with Re..;y = 24, Re, = 36,k; = 2.0,k, = 1.57. Streamwise
vorticity contours (normalized by S/h) at various times. Part 2 of 3
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Figure 5.13: 2DCLM with Re..;; = 24,Re, = 36,k, = 2.0, Ky = 1.57. Streamwise

vorticity contours (normalized by S/h) at various times. Part 3 of 3
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Figure 5.14: 2DCLM with Re..;s = 24, Re, = 36, K, = 2.0, K, = 1.57. Surface downwind
velocity (normalized by S) as a function of y (normalized by h) at various times.
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Figure 5.15: 2DCLM with Re..fs = 24, Re, = 36,k = 2.0,k, = 1.57. Surface spanwise
velocity (normalized by S) as a function of y (normalized by k) at various times.
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Figure 5.17: 2DCLM with Re..;r = 24,Re, = 36,k = 2.0,k, = 1.57. Streamwise
vorticity (normalized by S/h)at steady state.
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Figure 5.18: 2DCLM with Re..;; = 24, Re, = 36,k = 2.0,k, = 1.57. Velocity vectors
and streamwise velocity contours (normalized by §) at steady state.
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Figure 5.19: 2DCLM with Re..f; = 24, Rey = 36, k; = 2.0,k, = 1.57. Vertical velocities
(normalized by §) as functions of z (normalized by k) at convergence and divergence regions
at steady state.
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Figure 5.20: 2DCLM with Re.css = 24, Re, = 36,5, = 2.0,k, = 1.57. Vertical veloc-
ity (normalized by §) as a function of y (normalized by &) at the depth with maximum
downwelling velocity.
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Figure 5.21: 2DCLM with Re..s; = 24, Re, = 36,5k, = 2.0,ky, = 1.57. Surface downwind
velocity (normalized by S) as a function of y (normalized by k) at steady state.
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Figure 5.22: 2DCLM with Re..;s = 24, Re, = 36,5, = 2.0, Ky = 1.57. Downwind
velocity (normalized by §) as a function of y (normalized by k) at the depth with maximum
downwelling velocity.



CHAPTER 5 133

0.5

_1 Il —e L I

0 0.5 1 1.5 2 25 3 3.5 4 45
Utdownwelling — Ulupwelling

Figure 5.23: 2DCLM with Re..s; = 24, Re;, = 36,K; = 2.0,5, = 1.57. Downwind jet
strength (normalized by §) as a function of z (normalized by k) at steady state.

Figure 5.24: 2DCLM with Re..ss = 24, Re, = 36,k = 2.0, Ky = 1.57. Surface sweeping
velocity (normalized by S) as a function of y (normalized by k) at steady state.
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Figure 5.25: 2DCLM with Re.csy =24, Re, = 36,K; = 2.0,k = 1.57. Downwind velocity
(normalized by §) averaged over spanwise direction. (z normalized by h)
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Figure_5'.28: 3DwavyLl with with Re. = 6.0, Re, = 7.0,z = 1.5, Ky = 2.1,e = 0.1.
Development of kinetic energy (normalized by $2) computed from spanwise velocity.
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Figure 5.27: 3DwavyL1 with Re. = 6.0, Re, = 7.0, k, = 1.5,ky = 2.1,¢ = 0.1. Develop-
ment of streamwise vorticity (normalized by S/h). Part 1 of 2.
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Figure 5.28: 3DwavyLl with Re. = 6.0, Re; = 7.0, K, = 1.5,x, = 2.1,e = 0.1. Develop-
ment of streamwise vorticity (normalized by S/h). Part 2 of 2.
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Figure 5.29: 3DwavyLl with Re. = 6.0, Re, = 7.0, 5, = 1.3,ky = 2.1, = 0.1. Spanwise
vorticity (normalized by S/h) at steady state on streamwise vertical planes.
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Figure 5.30: 3DwavyLl with Re. = 6.0, Re, = 7.0, k; = 1.5, Ky = 2.1,e = 0.1. Vertical
vorticity (normalized by S/h) at steady state on spanwise vertical planes.
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Figure 5.31: 3DwavyLl with Re, = 6.0, Re, = 7.0, k. = 1.5,ky = 2.1, = 0.1. Vertical
velocity contours (normalized by §) at steady state.
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Figure 5.32: 3DwavyL1 with Re. = 6.0, Re, = 7.0,k = 1.5,ky = 2.1,e = 0.1. Streamwise
velocity contours (normalized by S) at steady state.
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Figure 5.33: 3DwavyL1 with Re. = 6.0, Re, = 7.0, k, = 1.5,ky = 2.1,€ = 0.1. Iso-surface
of wy = +2.25 (normalized by 5/h). The color scale denotes the height.
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Figure 5.34: 3DwavyL1 with Re. = 6.0, Re, = 7.0,k = 1.5, Ky = 2.1,e = 0.1. Streamwise
vorticity contours on the streamwise vertical plane of the center of the Langmuit cell with
positive streamwise vorticity. (normalize by S/h)
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Figure 5.35: 3DwavyL1. Velocity vectors and streamwise velocity contours on a spanwise-
vertical plane at forward slope of the surface wave. (contour scale normalized by §)
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Figure 5.36: 3DwavyLl. Velocity vectors and streamwise velocity contours on a spanwise-
vertical plane near the trough of the surface wave. (contour scale normalized by )
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Figure 5.37: 3DwavyLl. Velocity vectors and streamwise velocity contours on a spanwise-

vertical plane at backward slope of the surface wave. (contour scale normalized by S)
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Figure 5.38: 3DwavyL1. Velocity vectors and streamwise velocity contours on a spanwise-

vertical plane near the crest of the surface wave. (contour scale normalized by )
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Figure 5.39: Comparison of the development of kinetic energy (normalized by 5?) com-
puted from spanwise velocity between 3DwavyL1 and 2DCLLIE.
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Figure 5.40: Comparison of 3DwavyL1 and 2DCLL1E. Contours of the streamwise vor-
ticity at the spanwise vertical plane (normalized by %). The vorticity contours for the
3Dwavy case are obtained with streamwise averaging. The contours for the 2DCLL1E case
are phase-shifted in the spanwise direction.
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Figure 5.41: Comparison of 3DwavyLl and 2DCLLIE. Velocity vectors and contours of
the streamwise velocity at the spanwise vertical plane (normalized by S). The plot for the
3Dwavy case is obtained with streamwise averaging. The plot for the 2DCLLIE case is
phase-shifted in the spanwise direction.
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Figure 5.42: Comparison of 3DwavyL1l and 2DCLL1E. Vertical velocities (normalized by
§) as functions of z (normalized by k) at upwelling and downwelling center line. The profiles
for the 3DwavyL1 case are obtained by averaging in the streamwise direction.
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Figure 5.43: Comparison of 3DwavyL1l and 2DCLL1E. Downwind velocity (normalized
by S) as functions of y (normalized by h) at the top surface. The profile for the 3DwavyL1
case is obtained by averaging in the streamwise direction. The profile for the 2DCLLI1E
case is phase-shifted in the spanwise direction.
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Figure 5.44: Comparison of 3DwavyL! and 2DCLL1E. Downwind jet strength (normalized
by §) as functions of z (normalized by h). The profile for the 3DwavyL1 case is obtained
by averaging in the streamwise direction.
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Figure 5.45: Comparison of 3DwavyLl and 2DCLL1E. Streamwise velocity (normalized

by S) averaged in the horizontal plane. (2 normalized by k)



Chapter 6

Large Eddy Simulations of

Langmuir Circulations

6.1 Introduction

In the previous chapter, laminar Langmuir circulations in an open channel flow with
a wavy surface were investigated. In this chapter, we focus on Langmuir circulations
in turbulent flows.

Recently, large eddy simulations of Langmuir turbulence have been performed
by Skyllingstad and Denbo (1995) and McWilliams et al. (1997). Their approaches
are based on the Craik-Leibovich theory. Both simulations were conducted for very
complex systems, with flow domains that extend from the ocean surface to below the
thermocline. The effects of the Langmuir circulations, stratification, heat transfer and
Coriolis force were all incorporated. The influence of the wave field is represented by
including a vortex forcing term in the momentum equations, and by combining the
Stokes drift with the velocity field in the scalar advection equations. Their results
show that Langmuir circulations in turbulent flow have much richer structure than
in laminar flows. A continuous range of scales was observed. Langmuir circulations
were found to play a key role in transport of the conserved properties.

In this chapter, we discuss large eddy simulations of Langmuir turbulence in a
wavy domain (3Dwavy). The Navier-Stokes equations are solved without averaging
over a wave period. To obtain a clear picture of Langmuir turbulence, it is helpful to
isolate the effects of Langmuir circulation from other processes. Thus, we consider a
simple case without stratification, surface heat flux, or Coriolis force. The properties
and structure of Langmuir turbulence are examined.

In addition to the 3Dwavy case, a simulation based on the Craik-Leibovich theory

(3DCL) is performed to extend the test of the Craik-Leibovich theory to turbulent
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flows. To look at the contribution of Langmuir circulations to momentum mixing,
we also compare the predicted Langmuir turbulence with those of an open channel
flow (3DOChan) without waves. The effects of Langmuir circulations on. the sheared
mean current is discussed.

In section 6.2, an overview of the simulations in this chapter is presented. The
validation of the implementation of turbulence model, the dynamic subgrid model,
is described in section 6.3, followed by the flow decomposition in Section 6.4. The
mean properties of the flow in the presence of Langmuir turbulence are discussed in
section 6.5. Comparisons between the 3Dwavy case and the Craik-Leibovich theory,
between the Langmuir turbulence and the open channel flow, and between turbulent
and laminar Langmuir circulations are made. These are followed by the instantaneous
field comparison of 3Dwavy, 3DCL and 3D open channel flows in section 6.6. The
turbulence properties, the effects of Langmuir circulations on mixing, and the inter-
actions between the wave, mean flow and turbulence are demonstrated in section 6.7.

Finally, section 6.8 summarizes the observations.

6.2 Simulations Setup

6.2.1 Overview

Four simulations have been performed for this chapter. One is of a flow in a wavy
domain. The other three are flows in rectangular domains, and are thus referred as
"box cases”. One of the box cases is a pressure-driven, closed channel flow (3DCChan)
which is used to test the implementation of the turbulence model. Its parameter
selection will be presented in the next section. This section discusses the setup of
the other three cases. They are the 3Dwavy, the 3DCL and the 3DOChan cases
introduced in the last section. These are stress-driven (at the top surface) flows with
no externally imposed streamwise pressure gradient. Periodic boundary conditions are
applied in both the streamwise and spanwise directions. Stress conditions are applied
on the top surface and a no-slip boundary condition is imposed on the bottom wall.
For the wavy case, the tangential stress on the top is constant, whereas for the other

two box cases, streamwise stress is set to a constant. The spanwise stress on the top
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is zero for all three cases.

6.2.2 Governing Equations and Numerical Methods

Because they are large eddy simulations, the equations for the 3Dwavy case and
3D open channel case are the filtered Navier-Stokes equations 2.22 and 2.23. For
the 3Dwavy case, these equations are transformed into equations 2.43 and 2.44 in a
curvilinear coordinate system. For the 3DCL case, the filtered equations are based

on the Craik-Leibovich equations 5.1 and 5.2. They are:

au;

oz, = O (6.1)
Bx,-
ou; dww) _ _op 1 Fuw _9q; . . _ 9
o oz; 31'i+ Re,0z;0z; Oz F Eijkta Wk (6.2)

The turbulence model used is the dynamic subgrid model discussed in section 2.4.
The numerical method for the 3Dwavy case were described in chapter 3. It is also
applied to the box cases, except that, in the box cases. no coordinate transformation
is necessary. and, for the 3DCL case, the Craik-Leibovich forcing term is added to

the momentum equations.

6.2.3 Selections of Physical Parameters, Domain, and Grids

We first consider the parameter selection for the wavy case. Since no input parameter
is necessary for the turbulence model, the input parameters for the turbulent 3Dwavy
case are the same as for the laminar case: Re., Re,,;, &, and ¢ (see subsection 5.3.2
for the definitions).

We choose the channel depth to be a typical mixed layer depth, 25m, of the
Pacific Ocean off the California coast. We set k. to 1.5 to give a deep water wave.
(As shown in chapter 2, the flow is non-dimensionalized with the characteristic Stokes
drift velocity, S, and the half channel depth, A.) This corresponds to a monochromatic
surface wave of wavelength 53m, and a wave period of 6s, comparable to the 4s wave
observed by Smith (1992). Smith also observed that the aspect ratio of a Langmuir

cell, defined as ratio of the half distance between adjacent convergence zones to the
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depth of penetration, is approximately unity. Therefore, we set the wavelength of
Langmuir circulation to 507, which gives «, = 1.56.

The gravitational acceleration is g = 9.8m/s?. Therefore the phase speed of the
wave is C2 = \/g/Tg tanh(2x2h). The parameters remaining to be determined are
u?, v and e.

The molecular viscosity is limited by available computer resources. Since we
need to resolve the top viscous wavy boundary layer, which is usually much thinner
than the bottom viscous sublayer, the computational grid is stretched vertically with
a hyperbolic tangential function given by equation 3.7 that distributes more grid
points near the top and bottom walls. However, the grid stretch is limited by its
adverse influence on truncation error and the reduced convergence rate of the pressure
Poisson solver. We select 64 grid points in the vertical direction, with a stretching
parameter a = 0.98 which corresponds to a stretching ratio of v = 1.15, as defined in
equation 3.48. With this grid, suppose we use three grid points to resolve the wavy
boundary layer, then the thickness of the wave boundary layer should be at least

6, = 0.009. Since

d 2
w o [ pe (6.3)

and for the surface Stokes wave, C¢ = \/ngcg-tanh(?.xih). By substituting the values
of x¢,g and h, we get the minimum molecular viscosity allowed, v = 7 x 10~3m?/s.
The Reynolds number based on the friction velocity is set to Re. = u?h/v = 100
to generate a turbulent channel flow. This gives a wind stress friction velocity, u? =
0.056m/s.
In Langmuir turbulence, the laminar Langmuir number defined in equation 5.16 is
very small. Another important parameter is the turbulent Langmuir number defined

by McWilliams et al. (1997):

La; = \/u?/2S (6.4)

which represents the relative strength of the shear instability and the current-wave

interaction. According to McWilliams et al. (1997), Langmuir turbulence occurs in
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Input Input Non- Derived
Dimensional | 3DwavyT1 | dimensional | 3DwavyT1 3DwavyT1
Parameters Parameters Variables
A2 (m) 53 Re. 100 C¢ (m/s) 9.1
M (m) 50 Re, 546 T (s) 6
H (m) 25 K 1.5 S (m/s) 0.31
a (m) 2.2 Ky 1.56 82 (m) 0.114
v (m?/s) 7 x 1073 € 0.26 La 3.7x 1074
g (m/s?) 9.8 La, 0.3
ul (m/s) 0.056

Table 6.1: Parameters for 3Dwavy turbulent case, 3DWavyT1. (“T" stands for turbulent.)

Name € | &z | Ky | Rey | Reweys
JDCLTIE |[0.26|1.5]1.56 | 546 | 115
3DOChanTIE { 0 |[1.5]1.56 | 546 115

Table 6.2: Computational parameters for the turbulent 3DCL and 3D open channel cases.
(“T" stands for turbulence, “E” means the Eulerian mean flow is included.)

the regime of La <« 1 and La, = O(1). We choose the same turbulent Langmuir
number as McWilliams et al. (1997) and Skyllingstad and Denbo (1995), La, = 0.3.
This determines the slope of the surface wave to be € = 0.26, a relatively large value.

From the parameters above, the characteristic Stokes drift velocity can be derived
as § =0.5¢2C% = 0.31m/s.

The dimensional variables and the non-dimensional input parameters for the
3Dwavy case are summarized in Table 6.1.

We pick a domain that contains three wavelengths of the surface wave in the
streamwise direction, and one Langmuir circulation wavelength in the spanwise di-
rection, t.e. (L, Ly, L;) = (12.56,4,2). We use a 64 x 64 x 64 grid, which is uniform
in both the streamwise and the spanwise directions, and stretched in the vertical di-
rection. The details of the domain and grid selection were discussed in section 3.3.
The relatively small number of grid points is necessitated by the requirment of a long

simulation.
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The parameters for the two box cases are selected to match those of the 3Dwavy
case. They are listed in Table 6.2. Both cases have the same physical domain size and
the numerical grid as the 3Dwavy case. As we know from the previous chapter, for the
3DCL case, the wave slope is an output parameter. The open channel case does not
have wave-current interaction, so the parameter Re;, is irrelevant. It is included here
for the convenience of using the same code as for the other two cases. Furthermore,
since neither a surface wave nor a Langmuir circulation occurs in the open channel
case, the parameters x, and &, are used merely to determine the size of the domain.

As discussed in the last chapter, to compare with the 3Dwavy case, the surface
stress imposed in the box cases should contain components due to both the wind
stress and the Eulerian mean flow. Therefore, we use the effective Reynolds number,

Re..fs, in the box cases. From equation 5.17, Re..ss is evaluated to be 115.

6.2.4 Initial Conditions

The initial flow for the 3Dwavy case is a fully developed wavy flow from 2D simulation
with the same parameters. For the 3D open channel case. the simulation starts with
a laminar Couette flow with the same top stress. White noise of small magnitude
(O (107%)) is imposed on the initial flow. The time step is chosen as At!S/h =
2 % 1073, The maximum CFL number (defined in equation 3.24) is chosen to be 0.25
as described in chapter 3. If the CFL limit is exceeded, the time step is reduced so
that C'FL = 0.25. Since the code needed to run for thousands of wave periods for
the 3Dwavy and 3DOChan cases to reach statistically steady states, it took about 40
days of CPU time on a single processor of the Cray-J90 at the Environmental Fluid
Mechanics Laboratory. Using the fully developed turbulent 3D open channel flow as
the initial condition for the 3DCL case, it takes about 25 days for the 3DCL case to

reach equilibrium.

6.2.5 Limitations

There are some limitations that need to be kept in mind when interpreting the results.
First, the bottom boundary is a simple no-slip wall. Since in the ocean, the Langmuir

turbulence is actually constrained by a thermocline, the strong boundary layer near
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the bottom wall in our simulation will adversely influence comparison of the numerical
results with field observations. Second, we evaluated the Eulerian mean flow effects
for the box cases using equation 5.17. However, this equation is valid only for the
laminar case. As we will show later, the Eulerian mean flows in the box cases have
been underestimated. Thus, different velocity scales are used to make meaningful

comparisons. This will be further discussed in section 6.5.

6.3 Validation of the Subgrid Turbulence Model

6.3.1 Test Case Setup

The implementation of the dynamic subgrid-scale viscosity model was verified by
performing a large eddy simulation of a pressure-driven turbulent channel flow.

The pressure gradient in the streamwise direction is —pu??/h, where p is the
density of the fluid; & is half depth of the channel; and u? is the wall shear velocity.
The Reynolds number, Re. = uh/v, is set to 180, where v is the molecular kinematic
viscosity. The streamwise and the spanwise dimensions of the computational box are
chosen to be 47h, and 27 h, respectively. Kim et al. (1987) have shown in their DNS
simulation that this domain is sufficiently large to include the largest eddies in the
flow.

A 64 x 64 x 64 grid is used. Uniform grids are used in both the streamwise and
spanwise directions, which results in grid spacings around 35 and 17.5, respectively,
in wall units scaled with u? and v. Hyperbolic tangent stretching is applied in the
vertical direction such that the distance between the nearest point to the wall and the
wall is approximately 0.3 wall unit on both sides and the maximum spacing is about
13 wall units. The effects of eddies smaller than the filter size are parameterized with
the dynamic subgrid model.

Periodic boundary conditions are used in both lateral directions. No-slip condi-
tions are imposed on the top and bottom walls. The initial condition is chosen to be
a one dimensional streamwise mean flow perturbed with random noise. The mean

profile is obtained from an empirical fit to the final mean velocity (C. Pierce, personal
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communication, 1999):

Uy(z) = Qi(d_z) = 8.63Re}/7(1 - 25) . (6..5)

where U; =< u; > presents the averaged filtered streamwise velocity scaled by the
shear velocity, and <> indicates averaging over the lateral directions and time. z is
the vertical coordinate scaled by h, measured from the centerline of the channel.

" The time step is chosen as At = 2.5 x 10~3h/u?, which is around 0.5 in wall units.
To prevent the flow from laminarizing, a higher Reynolds number, Re. = 1000, is
used initially to make sure turbulence develops. The Reynolds number is reset to the
original value after several thousand time steps.

Statistics are collected after the flow reaches the equilibrium state. This state is
identified by the bulk mass flow rate oscillating around a constant value. The bulk

mass flow rate is defined as:
1 n
uin = 5 [ Unds (6.6)

Once the flow reaches the equilibrium state, the statistics are collected by averaging
both over horizontal planes and time. The symbol <> in the next subsection means

averaging over r,;,x», and t.

6.3.2 Test Results

The results are compared with the direct numerical simulations of Kim et al. (1987).
The direct simulations employed a fully spectral method (Fourier-Chebyshev) on
192 x 129 x 160 grid points for the same Reynolds number. Figure 6.1 shows the
comparison of the profiles of the mean streamwise velocity, U] = Ug¢/u? = U,, from
LES and DNS. Overall the LES result agree with the DNS result. The LES mean
velocity within the viscous sublayer (z* =~ 0 ~ 5) and most of the buffer layer
(=* = 5 ~ 40) is close to the DNS profile. At the end of the buffer layer, the LES
produces a slightly higher streamwise velocity than DNS. This trend continues all the

way through the log-law region (z* =~ 40 — 80). The maximum error is around 10%
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and occurs near the center line. This is typical of large eddy simulations with this
resolution (Garg 1996).

Figure 6.2 presents the three components of shear stress. They are the viscous
stress, vdU, /dz, the subgrid stress, < —q3 >=< vrS;3 >, and the resolved shear
stress, < —uyuj >, where vt is the eddy viscosity in the turbulence model and S5 is
the strain rate component. The sum of these three components is also plotted. It is
a straight line as expected (its slope should be the pressure gradient). The subgrid
stress is very small compared with the resolved Reynolds stress.

Figure 6.3 presents the comparison of the Reynolds shear stress from the DNS with
the combined resolved and subgrid stress of LES. It shows that LES underpredicts the
Reynolds shear stress for z* less than 40. Since the total stress has to be constant at
a given vertical location, d{/;/dz must be greater than in the DNS simulation. This
leads to the overprediction of U; as shown in Figure 6.1.

The comparison of the root mean square fluctuation velocities with the DNS
simulations is shown in Figures 6.4 to 6.6. Although qualitatively in agreement with
the DNS results, the LES results in a higher /< ufu} >, and lower /< ufuf >
and /< uguj >. The error is largest for the vertical velocity fluctuations. This is
expected since the vertical component is largely dependent on the small scales and
thus is sensitive to the grid resolution. The same behavior has been observed by other

researchers (Piomelli et al. 1987, Garg 1996).

6.4 Flow Decomposition

As was shown in the last section, the turbulence in channel flow can be decomposed
into a mean flow and fluctuations. The mean flow is obtained by ensemble averaging
and the fluctuation by subtracting the mean and instantaneous fields. In Langmuir
turbulence, however, the mean flow contains several components: the sheared mean
current, the Langmuir circulations and the wave field. Each part is obtained through
a particular averaging. Hence, to have a clear picture of what quantities to compare
between the simulations, we need to clarify the flow decomposition.

Table 6.3 summarizes the comparison of the flow decompositions for the three
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| 3Dwavy

3DCL

3DOChan

no homogeneous direction
< f>=<f>;
f=fumct+fw+ fL+f"
<f>=fuc+fw+fL

z; homogeneous

< f>=<f >,
f=fuc+ fu+f"
<f>n=fuc+fL

z),z2 homogeneous
< f >=< f >t.1.'1.1.'2
f=fmc+f"

< f >t1‘112= fMC

<f>lfl=fMC+fL <f>lz'1.tz=fMC
< f>w2= fuc + fw

< f >35152= fMC

Table 6.3: Comparison of flow decompositions.

core cases of this chapter. In the table, f is a general, instantaneous flow variable,
the symbol <> without a subscript means the ensemble average, while the same
symbol with a subscript denotes an averaging over time (if ¢ is a subscript) and/or
the specified directions, The subscript 'MC’ stands for mean current, 'W’ for wave,
and 'L’ for Langmuir circulation. We will explain only the first column, which is
the most general case. The other two columns can be explained in a similar way.
In the wavy case. there is no homogeneous direction. Thus the ensemble average is
the time average and contains the mean current, the Langmuir circulation and the
wave field. Since the coordinate system is moving with the wave, the time average
is also the phase average with respect to both the surface wave and the Langmuir
circulation. To compare the wavy case with the box cases, as a first approximation,
the flow field of the wavy case is averaged over the curvilinear coordinates, i.e., the
inviscid streamlines of the two dimensional wave field. If we average in both time and
¢'. the wave component is removed. Similarly, if we average in both time and €2, the
Langmuir circulation component is removed. If we average over time and both the
lateral directions, only the mean current is left.

The fluctuating component, f”, is defined as f” = f— < f > for all three cases. In
Langmuir turbulence, f” consists of unsteady Langmuir circulation and turbulence,
whereas in open channel flow, it represents turbulence only. Since in Langmuir tur-
bulence, turbulence properties such as the Reynolds stress are calculated from the

fluctuation field, we also apply the term “turbulence” to the combination of unsteady
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Langmuir circulation and true turbulence. Because average was performed over invis-
cid streamline in the z direction, the decomposition is not exact but it does provide

a good idea of the contribution of the various components of the flow.

6.5 Mean Flow Properties

The simulations were run long enough for the flows to reach statistically steady states.
This is monitored through the time evolution of bulk quantities. For Langmuir tur-
bulence, the statistically steady state is indicated by the spanwise kinetic energy
fluctuating around a constant value. In the open channel case, it is marked by the
flow fluctuating with respect to a constant bulk velocity. The development of these
bulk quantities is shown in Figures 6.7 and 6.8. Since two dimensional laminar flows
are used as the initial conditions in the 3Dwavy and 3D open channel cases, these
flows experience transition stages. The 3DCL case, on the other hand, starts from a
fully developed turbulent field and the Craik-Leibovich forcing turned on at time zero.
[t shows a smaller change in the transition phase. Turbulent statistics are collected

after the statistically steady state is reached.

6.5.1 Total Momentum Transport and Scaling

As was mentioned in Section 6.2, in order to compare the Craik-Leibovich theory
with the wavy simulation, and to assess the contribution of Langmuir circulations to
mixing, the three core cases of this chapter were designed to be as similar as possible.
As shown in Tables 6.1 and 6.2, £, s, and Re, are the same in the three cases. Since
the 3DOChan case has no surface wave, ¢ is zero in it. In addition, the top stresses in
the box cases are estimated as the sum of the top tangential stress in the wavy case
and the Eulerian-mean-flow-induced stress due to the surface wave. The purpose is
to make the total horizontal momentum flux across the channel the same in all three
cases.

However, when comparing the 3DCL and 3Dwavy cases, which are scaled with
the same characteristic Stokes drift, S, and half channel depth, h, we found that the

mean current profiles have similar shapes but different magnitudes. There is a major
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difference in the stress at the bottom wall, indicating that the vertical fluxes of the
streamwise momentum are different. Therefore, we need to examine the differences
in the total momentum transport in the three cases; why they differ. and what to do
to make an adequate comparison of the three cases.

Let us inspect the streamwise momentum equation. In the 3DCL case. the stream-
wise component of the Craik-Leibovich forcing in equation 6.2 is zero. Thus the mo-
mentum equation for u, is the same in all three cases. For the box cases. we apply

an average in time and the two lateral directions. The resulting momentum equation

for u; becomes:
(— < Uiu3 iz +2v < -513 >tz 1, +2< Vt§13 >izzy ).3 = (TaugBo:r).S =0 (6-7)

where 7,,980r is the total transport of the streamwise momentum in the vertical
direction. It is constant and is equal to the stresses on both the top and the bottom
surfaces.

For the wavy case, equation 6.7 still holds. However. since a curvilinear system
is used. averaging over horizontal planes is not defined. Instead, we average over
surfaces of constant curvilinear coordinates £!.£? and obtain an similar equation,
which is strictly valid only at the bottom boundary, (z3 = —1), where the curvilinear

system reduces to a Cartesian system:
(— < WUz S +20 < 3;13 Sz +2 < Vg§13 >e162)3 = (TawgWawy)3 =0  (6.8)

At other locations, the pressure gradient and the derivatives in z; and z, directions are
nonzero. Thus the above equation is only an approximation. At the bottom surface,
TavgWawvy is equal to the total horizontal momentum transport. In the rest of the
domain, T,,yWwayy is not the total horizontal momentum transport and is therefore not
constant. Nevertheless, Equation 6.8 enables us to check whether the total momentum
transport is the same in the three cases. We only need to compare the value of T4,gwauy
at the bottom surface in the wavy case with 7,,.8,. in the box cases.

Figure 6.9 shows the profiles of 74,,8,, for the turbulent 3DCL and 3D open

channel cases, together with the profile of 7,,4wawy, for the turbulent 3Dwavy case.
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In agreement with the above arguments, 7,,,5,- is constant throughout the channel
depth and is equal to the stress at the top and bottom surfaces. Furthermore, as
expected, T,ugwavy is NOt constant, especially near the top surface, where the pressure
gradients in the r, and z, directions cause variation in the vertical direction. In the
lower half of the channel, T,ygwayy is almost constant. But the value of TavgWavy at the
bottom surface is 0.08, almost twice the TavgBozr = 0.045 of the other two box cases.
Thus, the total momentum transport is the same in the 3DCL and the 3DOChan
cases, but is different between the wavy case and the box cases.

On the other hand, this is not true for laminar cases. Figure 6.10 compares the
profile of T,ygwauy for the 3Dwavy laminar case with the estimated top stress for the
2DCL cases, which is equal to Taygpor- Obviously, at the bottom surface, the value of
TaugWauy 15 Very close to the estimated top stress, i. e. TavgBozr-

Why is the total momentum transport different between the wavy and box cases
for turbulent flows, but not for laminar flows? The reason is that the stress due to the
Eulerian mean flow is not correct in the turbulent case. Recall that because a viscous
wave field induces a second order Eulerian mean flow, the streamwise momentum in
the wavy case is a combination of the wind-driven current and the Eulerian mean
flow. On the other hand, the total momentum transport is constant vertically in the
box cases and is equal to the top stress. Therefore, the top stresses in the box cases
are estimates of the combination of the tangential stress of the 3Dwavy case and the
stress due to the Eulerian mean flow. We used Equation 5.17 to make this estimate.
However. the molecular viscosity was used in the evaluation of the Eulerian mean
flow stress. This is correct for laminar flow but not valid for turbulent flow. Thus the
total momentum transport rates obtained in this way are equal in the laminar flows
but not in the turbulent ones!.

A better way to have done the box cases would have been to wait for convergence
of the wavy case, and use the value of TavgWauy at the bottom surface as the imposed
top stress in the box cases. Due to the intensive demand on the computer resources,
we ran the box cases simultaneously with the wavy case. Running the box cases

after the wavy case would have been too time consuming. At the time of writing this

I'This is something we only appreciated after the fact.
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thesis, this task is planned for the near future. In this chapter, as an approximation,
comparisons are made by scaling each flow with its shear velocity at the bottom
surface, i.e. ud,, . = 0.28S, and ul;; = ulpcpa, = 0.21S, respectively, so that the

non-dimensional total streamwise momentum transport is unity for all the three cases.

6.5.2 Comparison between the 3Dwavy Simulation and Craik-
Leibovich Theory

Langmuir circulations are formed in both the turbulent 3Dwavy case and the turbu-
lent 3DCL case based on the Craik-Leibovich theory. They are revealed by the mean

streamwise vorticity field as well as the mean velocity field.

Streamwise Vorticity

Figures 6.11 and 6.12 presents streamwise vorticity contours for the 3Dwavy and
3DCL cases. respectively. The contours are shown in spanwise-vertical planes at four
streamwise locations. Both the instantaneous vorticity, w;, and the mean vorticity,
< w) > are given. Fromn the instantaneous fields, we see that the flows exhibit
rich turbulent structure. Large-scale coherent structures are hard to find in these
fields. The flow patterns are chaotic and there is a continuous spectrum of length
scales. as was observed in the LES 3DCL simulations of McWilliams et al. (1997)
and Skyllingstad and Denbo (1995). When the flows are averaged locally over time,
however, two large counter rotating vortices, i. e. Langmuir circulations, can clearly be
identified. Thus, because the mean vorticity is only about a tenth of the instantaneous
vorticity in magnitude, the Langmuir circulations are almost completely hidden by
the instantaneous flows.

The Langmuir circulations obtained from the Craik-Leibovich theory are similar
in structure to those in the wavy simulation, although the strengths are different.
From Figures 6.11 and 6.12, the maximum longitudinal vorticity in the 3Dwavy case
is only about 2/3 of that predicted from the Craik-Leibovich theory, i. e. the 3Dwavy

simulation produces a weaker secondary flow than the Craik-Leibovich theory.
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Velocity Field

The velocity field in the 3D wavy simulation contains a wave component but the
one based on the Craik-Leibovich theory does not. Therefore the wave component
of the 3Dwavy case needs to be removed to make comparisons. This is done by
performing another averaging of the time averaged 3Dwavy flow. We average over
the &' coordinate of the curvilinear system, i. e. along inviscid streamlines. In the
3DCL case, the flow is also averaged in the streamwise direction. This is done solely
to increase the sample size for the ensemble average, since the flow is homogeneous in
the streamwise direction. According to the flow decompositions (see Table 6.3), for
the 3Dwavy and 3DCL cases, the resulting velocity field consists of the mean sheared
current and the Langmuir circulations.

Figure 6.13 compares the velocity fields of the 3Dwavy and 3DCL cases. The
mean currents are shown by streamwise velocity contours and Langmuir circulations
by spanwise-vertical velocity vectors. The plot for the 3DCL case is phase-shifted in
the spanwise direction to make the downwelling zone at the same location as in the
3Dwavy case (This is justified by the spanwise periodic boundary condition).

In both the 3Dwavy and 3DCL cases, the velocity vectors reveal two counter
rotating circulations. i. e. Langmuir cells, with upwelling and downwelling zones be-
tween them. Near the top of the domain, there is a boundary layer near the surface
as described by Li and Garrett (1993). Near the bottom wall, the vectors show the
shear boundary layer.

The mean currents in the two cases closely resemble each other. The streamwise
velocity contours show a bottom shear layer with a strong velocity gradient and a
well mixed zone above. The bottom boundary layer is thickened by the upward
motion of slow fluid at the base of the upwelling region. Below the downwelling zone,
the bottom boundary layer is “squeezed” by the high momentum fluid coming from
above. A current anomaly can also be observed, the mean current has lower speed in
the upwelling zone than in the downwelling zone, especially in the lower half of the
channel. Furthermore, the magnitudes of the streamwise currents are also very close,
showing a quantitative similarity between these two cases. The mean current will be

discussed further in the next subsection.
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The Langmuir circulations can be examined closely in line plots. Figure 6.14
compares the current anomalies. It plots the streamwise velocity versus the spanwise
coordinate at the vertical locations where the maximum anomalies occur. The curve
for the 3Dwavy case is not as smooth as the one for the 3DCL case since fewer samples
are used in the ensemble average. The streamwise velocity changes more rapidly near
the upwelling zone than near the downwelling zone. The maximum variation of the
streamwise velocity, i. e. the non-dimensional strength of the downwind jet is 6 for
the 3Dwavy case, and 9 for the 3DCL case.

The spanwise velocity profiles along the vertical centerlines of the Langmuir circu-
lations are given in Figure 6.15. In both cases, the cores of the Langmuir cells, marked
by the zeros of the spanwise velocity profile, are located at almost the same height,
slightly above the mid-height of the channel. The bottom boundary layer thickness
in the JDwavy case is close to that from the Craik-Leibovich theory. Furthermore,
the maximum spanwise velocity at the surface is almost twice the velocity at the top
of the viscous boundary layer near the bottom wall, indicating vertical asymmetry of
the Langmuir circulation.

The vertical velocities at the downwelling and upwelling center lines are com-
pared in Figure 6.16. The profiles are similar for the 3Dwavy and 3DCL cases. The
maximum downwelling occurs just above the half depth of the channel, and the max-
imum upwelling is located slightly above maximum downwelling point. As expected,
the vertical velocity gradient is zero at the bottom wall due to the impermeability
boundary condition there and continuity. In addition, unlike the laminar case, the
upwelling jet is more intense than the downwelling jet. In both cases, the maximum
upwelling velocity is about 30% higher than the maximum downwelling speed.

As in the vorticity fields, the Langmuir circulation structures revealed by the
velocity fields are qualitatively similar in the 3Dwavy and the Craik-Leibovich sim-
ulations. However, Figures 6.14 to 6.16 show that the magnitude of the downwind
jet, the maximum spanwise velocity, the maximum downwelling and maximum up-
welling speed in the 3Dwavy case are ail approximately 2/3 of those in the 3DCL

case, consistent with the vorticity ratio shown in Figures 6.11 and 6.12.
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Comparison with Field Obserations

The magnitude of the maximum downwelling velocity and the pitch are compared with
observations (Weller and Price 1988). For the 3Dwavy case, from Figure 6.16, the
maximum downwelling velocity is wd,, /ufwwy = 1.25. From the relation u‘fmvy =
0.28S and equation 5.26, we obtain wd,,, = 0.036U2%, where U? is the wind speed.
Furthermore, from Figure 6.14, the maximum downwind jet velocity (difference of u;
at downwelling and upwelling) is uy,umyingjet/ ufwm,y = 6. Thus the pitch is approxi-
mately Pt = ufdownwind,-e,/ w3,un = 4.8. These are in rough agreement with those ob-
served by Weller and Price (1988): wg,,, ~ (0.0025 ~ 0.03)U? and Pt ~ (1.33 ~ 8.0)
(see Table 5.3).

Using similar methods, the downwelling velocity and the pitch can be derived
for the 3DCL case as w3, = 0.067U2 and Pt = 5.17, respectively. The pitch
value is within the range of observation, but the maximum downwelling velocity is

overpredicted by the Craik-Leibovich theory.

6.5.3 Differences of Langmuir Circulations in Laminar and
Turbulent Flows

The Langmuir circulation structure in turbulent flow is very different from that in
laminar flow. In laminar flow, downwelling jet is much stronger than the upwelling
jet. Figure 5.19 demonstrates that the maximum downwelling velocity is almost twice
the maximum upwelling velocity. In the turbulent flow, to the contrary, the upwelling
jet is stronger, as shown in Figure 6.16.

Comparing the streamwise velocity contours in Figure 6.13 for the turbulent case
with Figure 5.18 for the laminar case, it is obvious that in the laminar flow, there
is a downwind current anomaly near the surface, where a powerful downwind jet
occurs. In the turbulent cases, however, the narrow downwind jet near the surface at
the downwelling zone is dramatically reduced in strength and is hard to detect. This
feature can also be observed in Figure 6.17, where the streamwise velocity as a function
of depth are plotted at the downwelling and upwelling zones for both the 3Dwavy and
3DCL cases. Clearly, the current anomaly is stronger near the bottom wall than near
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the top surface, whereas, as can be seen in Figure 5.23, it is of comparable strength
near the two boundaries in the laminar case.

A closer look at the upwelling and downwelling zones is given in Figure 6.14,
where the spanwise profiles of streamwise velocity are presented at the depth where
maximum downwind jet occurs. Compared with the laminar case in Figure 5.22, a
narrow dip is formed at the upwelling zone in both laminar and turbulent flows. The
peak at the downwelling in Figure 5.22 is smeared out in the turbulence cases. Thus,
the differences are caused by the change in the downwelling zone in turbulent flows.

The main reason for this change is the effect of turbulent mixing. As will be shown
later, turbulent kinetic energy is greater at the top surface than above the bottom
boundary layer. Therefore, mixing is more powerful near the surface where wave-
current interactions occur. Since the downwelling is formed at the top surface, it is
vigorously stirred by the turbulent mixing, and the downwelling zone is broadened
and the downward speed is decreased. The upwelling jet, on the other hand, is formed
near the bottom wall. Because the mixing there is weaker than near the top wall, the

upwelling jet is less diffuse.

6.5.4 Langmuir Circulation Effects on the Mean Current

In this subsection, the mixing due to the Langmuir circulations is examined in terms
of the mean current profiles.

Figure 6.18 compares streamwise mean velocities for the 3Dwavy, 3DCL and 3D
open channel cases. The mean current is obtained by averaging in time and over
horizontal planes for the box cases. In the wavy case, instead of averaging over
horizontal planes, the streamwise velocity is averaged over the curvilinear coordinates
in the streamwise and spanwise directions. After normalization with the friction
velocity at the bottom wall, the mean currents of the two Langmuir turbulence cases
are close to each other. This demonstrates the approximateness of the velocity scale
selected.

This figure clearly shows that the mean current profile is greatly altered by the
Langmuir circulations. In the turbulent open channel flow, shear layers develop near

both the top and the bottom surfaces. In the two cases with Langmuir turbulence,
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however, the vertical transport of the streamwise momentum induced by Langmuir
circulations causes the mean currents to be more uniform. The efficient mixing pro-
duced by Langmuir turbulence not only erases the shear in the center of the channel,
but also largely destroys the strong top shear layer.

Figure 6.19 shows the mean streamwise velocity in wall units for the turbulence
Couette flow. In the viscous sublayer above the bottom wall, the mean velocity follows
the Uff = z* law of the wall up to z* = 5, as expected. In the logarithmic region of

the lower half of the channel, the mean velocity can be fit:
Ut =25Inz* +5.1 (6.9)

which is the same as that obtained by Lam and Banerjee (1992). The commonly used
Nikuradze logarithmic law, U}t = 2.5In z* + 5.5 is plotted for comparison.

In the top half of the channel, the mean velocity deficit U}, — U} is plotted as a
function of the distance from the upper wall, where U/}, is the normalized velocity at
the top surface. The mean velocity deficit is smaller than the mean velocity in the
lower half wall. In the viscous sublayer, the deficit deviates from U}, — U = =+ after

=t = 3. In the logarithmic region, the curve can be fit with:
UL -Uf =25Inzt +23 _ (6.10)

This lower velocity deficit is caused by the boundary condition at the upper surface.
Unlike the non-slip bottorn wall, constant stress is specified there. While the per-
turbations of all components of the velocity are zero at the bottom wall, nonzero
streamwise and spanwise perturbations are allowed at the top. This results in a
higher Reynolds stress — < uju} >, -, there. Since the total streamwise momentum
transport is constant at any depth, the viscous stress is smaller near the top surface,
thus causing the lower velocity deficit shown in Figure 6.19.

Figures 6.20 and 6.21 compare the mean currents in the Langmuir turbulence cases
in wall units with that of the open channel flow. Figure 6.20 gives the mean current
velocity in the lower half channel, whereas Figure 6.21 presents the mean velocity

deficit in the upper half channel. Near the bottom wall, the mean current profiles in
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the 3Dwavy and 3DCL cases agree with the open channel flow up to z* = 10. But
the logarithmic layer of the open channel flow is replaced by a more uniform velocity
distribution in Langmuir turbulence, indicating that the influence of the Langmuir
circulation penetrates into the log-law region of the turbulence boundary layer. A
similar alteration of near wall structure by longitudinal vortices has also been observed
by Barlow and Johnston (1988) in concave boundary layers.

~ Near the top wall, as will be shown later, the turbulence is stronger due to Lang-
muir circulations. Thus, much smaller velocity deficits are obtained in both the
3Dwavy and 3DCL cases. The powerful mixing induced by the longitudinal vortices
affects the mean current profiles all the way to the top surface. A more uniform mean

current is produced in Langmuir turbulence.

6.5.5 Modulations of Langmuir Circulations and Wave Fields

Due to the interaction between the Langmuir circulation and the wave field, the
Langmuir circulations are modulated by the wave. In turn. the wave field is altered
by the Langmuir circulations.

The structure of the wave field is exhibited in Figure 6.22, which shows the span-
wise vorticity profile as a function of the vertical coordinate under the trough of the
wave. The top wavy boundary layer can be clearly identified. It is apprdximately 0.02
units thick and has about 10 grid points inside it. On the other hand, the thickness
of the bottom boundary layer is about 0.18 units, almost 9 times as thick as the top
boundary layer. The majority of the fluid between these two boundary layers has
very little spanwise vorticity.

Figure 6.23 presents the time averaged streamwise vorticity contours at the center
of one of the Langmuir cells. Clearly, it varies in the streamwise direction. The
maximum streamwise vorticity is located under the trough, and is about 30% larger
than the minimum vorticity under the crest. .

The mean streamwise and vertical velocities averaged over time are shown in
Figures 6.24 and 6.25, respectively. As in the laminar case in section 5.6, the mean flow
is dominated by the first order sinusoidal wave field (see Figures 6.24(a) and 6.25(a)).

Since a higher wave slope, ¢ = 0.26, is used in the turbulent case, second order
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components of the wave field can also be observed. The velocity decays rapidly with
depth, as expected for a deep water wave. Furthermore, the mean sheared current
gives rise to a non-zero mean streamwise velocity, which leads to the asymmetry in
the streamwise velocity magnitude between the crest and trough in Figure 6.24(a).

The wave field is slightly altered by the second order Langmuir circulations. In the
vertical velocity field shown in Figure 6.25(b), the upwelling and downwelling zones
can be clearly identified at the wave crest and trough, since the vertical motion caused
by wave is zero at both locations. At the slopes of the wave, however, the vertical
wave velocity is non-zero. In the downwelling zone, the negative vertical velocity
contours are tilted downward, and the positive contours are pushed upward. In the
upwelling zone, the opposite occurs.

Figure 6.24(b) shows that, in the upwelling zone, the current anomaly induced
by the Langmuir circulations bends the contours of the positive streamwise velocity
upwards (see the contours at the wave crest) and contours of the negative streamwise
velocity downwards (see the contours at the trough). As mentioned before, the cur-
rent anomaly is very weak in the downwelling zone and the contour lines are hardly

modified there.

6.6 Instantaneous Structure

The instantaneous near-surface structures of the three core cases are compared in
Figures 6.26 to 6.28 as iso-surfaces of the instantaneous vorticity @; = +6.5. The
vorticity is nondimensionalized with the shear velocity and the half channel depth.
The iso-surfaces are presented in a layer near the top surface with thickness roughly
equal to the e-folding depth of the Stokes drift, 1/(2«k,). The influence of the wave
and the current interaction are evident. In the 3Dwavy flow, as shown in Figure 6.26,
there are longitudinally elongated streaks. They are of finite length and irregular
spacing and have alternating signs of vorticity along the spanwise direction. These
“streaks” cannot be normal boundary layer streaks as they are not present in the flat
channel flow. Apparently they are mini-Langmuir cells about which we shall say more

below. On the other hand, in the normal open channel flow case (Figure 6.28), the
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iso-surfaces are less regular and organized. The ratio of the streamwise to spanwise
length scales of the contours is closer to unity.

The instantaneous Langmuir circulation structure is in qualitative agreement with
the sonograph obtained by Thorpe (1992). The coexistance of multiple scales of Lang-
muir circulations reported in field observations (Langmuir 1938, Assaf et al. 1971,
Weller and Price 1988, Thorpe 1992) is evident. We believe that the structure seen
is the result of two opposing forces. The Langmuir mechanism tends to form streaks
that may coalesce with each other, increasing the distance between them. On the
other hand, the turbulence breaks up the cells.

Figure 6.27 presents the same vorticity iso-surfaces for the case based on the
Craik-Leibovich theory. As in the 3Dwavy flow, coherent structures can be clearly
identified. Nevertheless, with a stronger mean secondary motion than in the 3Dwavy
case, these streaks are more concentrated near the downwelling zone at y ~ 0.8. The
structures seem also to have a lambda-shape, which may be due to the large shear
introduced by the Craik-Leibovich theory.

The instantaneous structure varies with depth in Langmuir turbulence. Fig-
ures 6.29 and 6.30 provide the contours of instantaneous vorticity of the 3Dwavy
case at four different depths in the curvilinear system. The horizontal planes are
located at the centers of the four layers, each of thickness 1/(2x;). n° is the vertical
coordinate in the curvilinear system, with —1 < n® < 1. The strong coherent longi-
tudinal structures are concentrated in a layer of a thickness comparable to the Stokes
drift decay scale near the top of the domain (Figure 6.30(a), where n® ~ 1 —1/(4x.)).
With increasing depth, the magnitude of the streamwise vorticity decreases rapidly.
At depth 1/(2x.) (Figure 6.30(b)), the streamwise oriented rolls have greater span-
wise length scale but smaller streamwise length scale than at the top. This decrease
of “streakiness” is also found in the plane located at another 1/(2«,) down, shown in
Figure 6.30(a), the length of the structure has decreased. At % = 1-7/(4x;) = —-0.11
(Figure 6.30(b)), the structure is more fragmented, and the vorticity is even weaker.
The diminishing of instantaneous Langmuir circulations with depth have also been
reported by Skyllingstad and Denbo (1995) and McWilliams et al. (1997). A signifi-

cant difference is that our results show no Ekman spiral of the streaks in McWilliams
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et al. (1997), since the Coriolis force is not included.

6.7 Turbulence Properties and Budget

In this section, we focus on the statistical properties and budgets of Langmuir tur-
bulence. These statistical moments are based on the ensemble averaging discussed in

section 6.4.

6.7.1 Root Mean Square Fluctuations

The root mean square fluctuations of the three velocity components are presented
in Figures 6.31 to 6.33 for the 3Dwavy, 3DCL, and 3DOChan cases. For the open
channel case, since the turbulence is homogeneous in both lateral directions, the
velocity variances are functions of z only. This is not true for the 3Dwavy and 3DCL
cases. The velocity variances are functions of both y and z in the 3DCL case, and
functions of z,y and = in the 3Dwavy case. Therefore, after the root mean square
fluctuation fields are computed, horizontal averaging is used to produce the vertical
profiles shown in these figures.

In all cases, the turbulence fluctuations reduce rapidly to zero at the bottom wall.
Near the top surface, where constant shear stress is specified, both the lateral fluc-
tuations, u{,, . and uj,, ., are finite while the vertical fluctuations, uj,,, becomes to
zero. That is, the vertical kinetic energy is redistributed into the horizontal compo-
nents via the pressure redistribution. This behavior is similar to that found in the
pressure-driven open channel flow by Lam and Banerjee (1992).

The velocity variance profiles for Langmuir turbulence in both the 3Dwavy and
the 3DCL cases confirm the importance of the vertical scale discussed in the previous
section, the e-folding depth of the Stokes drift near the top surface, 1/(2«.). From
Figures 6.31 and 6.32, the streamwise and spanwise components of the velocity vari-
ance exhibit a sharp increase inside the e-folding depth of the Stokes drift, which is
approximately 0.3 units thick. In particular, the spanwise velocity variance at the
surface is almost double that at z = 0.7. In Figure 6.33, the vertical root mean

square fluctuation reaches a peak value within the e-folding depth of the Stokes drift,
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and decreases monotonically below, in agreement with McWilliams et al. (1997) and
Skyllingstad and Denbo (1995). This vertical scale is due to the influence of the Craik-
Leibovich forcing, which is responsible for the creation of the turbulence intensity in
this layer.

Compared with open channel flow, Langmuir turbulence shows a greater anisotropy.
Figure 6.31 shows that the streamwise velocity variance is larger in the open channel
flow. In most of the domain, uj,,,, in the 3Dwavy case is 2/3 that in the 3DOChan
case. However, as shown in Figures 6.32 and 6.33, the spanwise and vertical fluctua-
tions are stronger in 3Dwavy case, especially in the upper half of the channel. These
differences reflect the fact that secondary Langmuir circulations develop at the cost
of the weakening of the streamwise motion, which is produced by the mean shear.

The profiles of the root mean square fluctuations are qualitatively similar in the
3Dwavy and 3DCL cases but all three components of the velocity variance are smaller
in the 3DCL case than in the 3Dwavy case. This indicates that the Craik-Leibovich
theory predicts weaker turbulence and stronger mean Langmuir circulations. This
accords with our expectations. According to Monismith and Magnaudet (1998), there
are three types of wave-turbulence interactions. (1) Fast turbulence has a time scale
significantly smaller than the wave period. It responds quasi-steadily to the wave
motion but is unable to extract much energy from the wave field. (2) Turbulence
with time scales of the same order as the wave period can interact with the wave
in a nonlinear fashion. (3) Slow turbulence has time scales much longer than the
wave period and its response to the wave motion can be approximated by rapid
distortion theory. It has been shown in Monismith and Magnaudet (1998) that the
Craik-Leibovich theory assumes rapid distortion by the fast wave field of the slow
Langmuir circulations. Therefore, the Craik-Leibovich theory neglects the second

tvpe of interaction and thus underestimates the turbulence intensities.

6.7.2 Energy Spectra

Figures 6.34 to 6.36 show one-dimensional energy spectra of the three velocity com-
ponents at a vertical location approximately in the center of the e-folding depth of the

Stokes drift. In these figures, k, is the wave number in the spanwise direction. It can
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be observed that, near the surface, the spanwise and vertical energy of all resolved
scales in the 3Dwavy case are greater than that in the 3DOChan case. However, the -
streamwise energy in the 3Dwavy case is smaller than in the open channel flow for
most length scales. This confirms the anisotropy of Langmuir turbulence as discussed
in the last subsection. The smaller scales in the wavy case are due to the more intense
turbulence which cascades more energy to the small scales.

These spectra also reveals that the energy in the small scale motions is weaker in
the 3DCL case than in the 3Dwavy case, especially for the streamwise and spanwise
energy components (Figure 6.34 and 6.35). This indicates that Craik-Leibovich theory
predicts more kinetic energy in large scales. It is consistent with the instantaneous
streamwise vorticity fields in Figure 6.11 and 6.12, which show larger scales near the

surface in the 3DCL case than in the 3Dwavy case.

6.7.3 Reynolds Stress

The horizontally averaged Reynolds stresses, — < ufufy >z, ,, for the three core cases
are compared in Figure 6.37. To interpret this plot, we need to look into details of
the momentum transport.

As mentioned in section 6.5.1, at the statistically steady state, the total vertical
transport of streamwise momentum should be constant with depth. The momentum
transport consists of three parts: viscous diffusion, convective transport, and subgrid
transport. For the cases under consideration, the subgrid component is very small.
Also, except in the top and boundary layers, where viscous diffusion is significant, the
streamwise momentum is mainly carried by the energetic convective motion. There-
fore, the convective component, — < ;%3 > is dominant in most of the domain.

To estimate the total convective transport, horizontal averaging is applied. Thus
— < U, %3 > becomes to — < WUz >¢z,z,- The exception is the 3Dwavy case, where
averaging is performed along the curvilinear coordinates, £! and £2. As demonstrated
in Figure 6.9, averaging along surfaces in the curvilinear system is a good approxi-
mation in most of the flow.

Due to the different physics of open channel flow and Langmuir turbulence, the

distribution of the total convective transport among the components varies in these
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cases.
The open channel flow, as discussed in section 6.4, can be decomposed into a

steady, depth varying mean current and unsteady turbulence. Thus:

where is subscript “MC” denotes the mean sheared current and is defined in Table 6.3.
Since the mean vertical velocity, uzsmc, is identically zero, the total convective trans-
port is equal to the Reynolds stress. In Figure 6.37, as expected, the Reynolds stress
for the normal open channel flow is close to unity in most of the channel. except near
the wall, where viscous diffusion dominates.

For the Langmuir turbulence, on the other hand, the mean flow obtained by the
ensemble averaging contains an component due to the secondary Langmuir circula-
tion. In addition, there also exists a wave component in the 3Dwavy flow. Therefore,
each variable can be decomposed into three parts in the 3DCL case and four in the
3Dwavy case. Hence, the total convective term consists of nine and sixteen com-
ponents for the 3DCL and 3Dwavy cases, respectively. However, some of them are
zero by definition. After simplification, the convective momentum transport for the

3Dwavy case can be written as:

- < U u; Sz = —UIMCUIMC— < UiWUIW Deete2 — < UILUIL De1g2

— < Uiwlar + UipUaw Sz — < ulllug D12 (6.12)
and for 3DCL as:
- < Elﬂ3 >u.‘11'2= — < ujrusp >!.1.‘12.'2 -< U’x'ug >2.‘L'11'2 (6'13)

Therefore the Reynolds stresses for the 3Dwavy and 3DCL cases plotted in Fig-
ure 6.37 represent only a part of the convective transport of the streamwise momen-
tum: that carried by the turbulence and the unsteady Langmuir circulations. The
contribution of other components are given in Figure 6.38 for the 3DCL case and

Figure 6.39 for the 3Dwavy case.
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In the 3DCL case, the streamwise momentum transport is due to two processes,
the Reynolds stress and the steady Langmuir circulations. Their sum must be unity
except in the top and bottom boundary layers. In the upper half of the channel,
the momentum is carried down mainly by the fluctuation field that is a combination
of turbulence and unsteady Langmuir circulations. In the lower half of the channel,
momentum is transported mainly via the steady Langmuir circulations.

In 3Dwavy case, besides the Reynolds stress, there exists momentum transport due
to the mean current, the wave field, the Langmuir circulations, and the interaction
of the wave and Langmuir circulations. They correspond to the first four terms
on the right hand side of equation 6.12. According to Figure 6.39, the interaction
between the wave and the Langmuir circulation produces virtually no transport of
streamwise momentum. The contributions due to the mean current and the wave
field are nearly zero in most of the domain and are small in a thin region near the
top surface. Therefore, the streamwise momentum is transported mainly through
the steady Langmuir circulations and the fluctuation field, as in the 3DCL case. The
transport produced by the Langmuir circulations allows momentum to be transported
deeper into the flow from the surface and produces a deeper mixed layer.

As seen in Figure 6.37, the Reynolds stress is greater in the 3Dwavy case than in
the 3DCL case. Since the combined transport of the Reynolds stress and the Langmuir
circulations is constant except at the top and the bottom, Langmuir circulations in
the 3DCL case have to be stronger, in agreement with the discussion of the mean

flow field in section 6.5.

6.7.4 Turbulent Kinetic Energy (TKE), Dissipation Rate and
TKE Budgets

Comparison of horizontally averaged turbulent kinetic energy for the three core cases
is presented in Figures 6.40. In the bottom boundary layer, the turbulent kinetic
energy of the 3Dwavy case is similar to that in the open channel flow. In the lower
half of the channel, the turbulence is weaker in the 3Dwavy flow than in the open
channel flow. This is caused by the weakening of the streamwise mean current by the

mixing due to the Langmuir turbulence. In the upper half of the channel, however,
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the reduction in the streamwise turbulence intensity is compensated for by the span-
wise and vertical turbulence generated by the wave-current interaction. This results
in the turbulence kinetic energy in the 3Dwavy and the open channel cases being
comparable. In the thin region very close to the top surface, the production due to
the Langmuir mechanism increases rapidly and the turbulent kinetic energy of the
3Dwavy flow exceeds that of the open channel flow.

The turbulent kinetic energy profile for the 3DCL case is qualitatively similar to
that for the 3Dwavy case, but the 3DCL flow is less turbulent than the 3Dwavy flow,
as was shown earlier.

Figure 6.41 compares the viscous dissipation rate of the three cases. For the
open channel case, the flow exhibits the law-of-the-wall behavior in both the top
and bottom boundary layers, where the velocity profiles are logarithmic, as shown
in section 6.5. Therefore, the dissipation due to the turbulent motion balances the
turbulence production, and is scaled as the cube of the shear velocity divided by the

length scale (Skyllingstad and Denbo 1995). That is:

d3

od = ol —u;d ey upper half channel (6.14)
w43
= - lower half channel (6.15)

k(h + 29 + 28)

where x = 0.4 is von Karman'’s constant and z¢ is the roughness length representing
the minimum scale of the turbulent eddies (Craig and Banner 1994), and h — z¢ and
h + =% are the distances from the top and bottom walls, respectively. The roughness
length for the bottom boundary layer has been well studied (Jenter and Madsen 1989).
Here we use =& = 0.1m for both the top and bottom boundary layers, as suggested
by Craig and Banner (1994). Using the velocity scale u? and the length scale f, the

non-dimensional dissipation is:

£= m upper half channel (6.16)
&= 1 lower half channel (6.17)

k(1 4z + z0)
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where 29 = 0.08. These law of the wall profiles for the dissipation are also plotted in
Figure 6.41 for comparison.

It can be seen that the energy dissipation rate in the 3DOChan case decreases
inversely with wall distance, supporting the law of the wall. In the bottom boundary
layer, dissipation of the 3Dwavy case is close to that in the open channel flow. For the
3DCL case, since the flow is less turbulent, the energy dissipation is smaller than in the
3Dwavy case there. In the lower half of the channel, Langmuir turbulence weakens the
turbulence intensity and thus the dissipation is smaller than in the open channel case.
In the upper half of the channel, due to the turbulence induced by the wave-current
interaction, the dissipation in Langmuir turbulence is bigger than that in the lower
half of the channel and is comparable to the open channel case. While the 3DCL flow
has a smaller turbulent kinetic energy than the 3Dwavy flow, the dissipation in the
two cases are close to each other in most of the domain. Furthermore, the dissipation
in the 3DCL case is greater than in the 3Dwavy case near the surface. This implies
that the simply production-dissipation balance of turbulent kinetic energy in the open
channel flow does not apply to Langmuir turbulence. As will be shown shortly, terms
such as pressure transport play more important roles than viscous dissipation.

The distributions of both the turbulent kinetic energy and the viscous dissipation
in a spanwise-vertical plane are highly correlated with the Langmuir circulations. Fig-
ure 6.42 and 6.43 show the contours of streamwise averaged turbulent kinetic energy
and viscous dissipation, respectively. Clearly, as shown in Figure 6.42, turbulence
that is generated near the top and bottom walls is convected by the Langmuir cir-
culations and thus is concentrated in the downwelling zone near the top surface and
the upwelling zone near the bottom surface. Likewise, the viscous dissipation occurs
mainly near the top and bottom surfaces, and its contours are closely related to the
Langmuir circulations.

For the 3Dwavy case and the open channel case, the mean budget of the turbulence
kinetic energy can be derived from the Reynolds stress transport equation 2.69 by

multiplying it by 0.5 and setting the subscript : = j, i. e. taking the trace of these
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equations. The resulting equation is similar to equation 2.69 except that the pressure-

strain term drops out:
1
<suju/ >=C+P+T+I0+D+e+T +™ (6.18)

Each term on the right hand side of this equation is half the trace of the corresponding
tensor in equation 2.69. Their definitions are listed in section 2.6.
The Craik-Leibovich equations has an extra vortex force term not present in the

Navier-Stokes equations. As a result, equations 2.69 and 6.18 become respectively:

<uju;>, = Ciyj+ P+ T+ 1+ ¢+ Di +ei; + T +
LH, (6.19)
1
<sulul>, = C+P+T+M+D+c+T% +%+H (6.20)

where H;; = €umuy < wpui > +€jimuy < wpu! > is the production term due to the
vortex forcing, with u, as the Stokes drift velocity, and H = 0.5H;;.

In the open channel flow, the production term (P) is approximately balanced by
the dissipation term (¢) at all depths, as shown in Figure 6.44.

In the Langmuir turbulence of the 3DCL case, although the budget is similar to
the open channel flow budget in the bottom boundary layer, it is dramatically differ-
ent near the top surface. This is demonstrated by Figure 6.435, where the horizontally
averaged turbulent kinetic energy budget is plotted, note the different scales in Fig-
ures 6.44 and 6.45. In a layer of thickness 1/(2k.) near the top surface, the vortex
force production rate ( H) greatly exceeds the shear production of the open channel
flow. It is mainly balanced by the pressure transport term (II) in that region, and
viscous dissipation (&) is less important there. Therefore, the turbulent kinetic energy
produced near the surface is transported downward by the pressure transport. Phys-
ically it is due to the pressure gradient that drives the flow away from the upwelling
zone to the downwelling zone near the top surface.

The turbulent kinetic energy budget varies in the streamwise direction for the
3Dwavy case. The spanwise averaged budgets are shown in Figures 6.46 to 6.49 at

the wave crest, forward slope, trough and backward slope, respectively. It can be
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observed that at the wave slopes the principal terms are the production rate (P),
the pressure transport term (II) and the mean velocity transport term (C). These
three terms have opposite signs at the forward and backward slopes. At the crest
and trough of the wave, the magnitudes of these three terms are smaller, and viscous
dissipation becomes important. Nonetheless, the dissipation profile is similar at all
streamwise coordinates.

The turbulent production of the 3Dwavy case is studied in Figures 6.50 to 6.53.
Figure 6.50 shows the contours of spanwise averaged turbulent production, P. It can
be seen that the turbulence are mainly generated under the crest of the surface wave,
as observed by Thais and Magnaduet (1996). A closer examination of the components
of the production term indicates that the turbulence is mainly generated through the

. . a<T; >, 3<T3>
combined effects of wave stretching, —(< uju] > ——’—5—+ < uFuy >y —3—51),

T3
<1 >, 2 + 9<uU3> g2
32‘3 a.l']
", n

a<m >
The contours of the stretching term, —(< ufuy > L—“i-k < uzuy S

a<u> —
—2__3—"3). are presented in Figure 6.53. In isotropic turbulence, continuity requires

n,.n

and mean shear, — < ujuj > ( ), as shown in Figure 6.51.

this term to be zero. However, in this case, the wave stretching causes the flow to be
anisotropic. Therefore, this production component becomes finite. Due to the peri-
odicity of the wave motion, the production due to wave stretching alternates sign in
the streamwise direction, with the turbulence gaining and losing energy to the wave
field. This effect was observed by Pidgeon (1999) while investigating wave breaking,

The production component due to the shear layer, — < ufuj > (M
iﬁgﬁg)’ is shown in Figure 6.53. It is highly correlated with the Reynolds stress field,
as shown in Figure 6.54, which is mainly generated under the wave crest. Furthermore,
It can be observed that the production rate from the mean sheared motion and wave
stretching are comparable, indicating that both the shear layer and the wave motion
are important in producing turbulence.

Convective motion is one of the major mechanisms in redistributing turbulent
kinetic energy in the 3Dwavy case. Figure 6.55 presents the spanwise averaged
mean convection of the turbulent kinetic energy, C. The convective transport occurs
mainly near the surface and is dominated by the sum of the streamwise component,
— < Uy Dy ﬂk—u——""ﬁ&) and the vertical component, — < %3 > M,

31‘1 a.‘ts
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as indicated in Figure 6.56. Figures 6.57 and 6.58 present the contours of the stream-
wise and vertical convective transport rate, respectively. The convection reaches it
maximurm magnitude in the thin wavy boundary layer near the surface. Furthermore,
the vertical component is 180 degrees out of phase with the streamwise component.
The net effects as shown in Figure 6.55 is positive convection at the forward slope

and negative convection at the backward slope.

6.8 Summary

Large eddy simulations of Langmuir turbulence in a wavy domain (3Dwavy) were
performed. The results were compared with ones derived from the Craik-Leibovich
theory on a non-wavy domain (3DCL). In addition, to estimate the effects of the
Langmuir circulations on the mixing, a numerical simulation of a stress-driven open
channel flow (3DOchan) was carried out.

The turbulence model used is the dynamic subgrid scale model by Germano
et al. (1991) with the correction by Lilly (1992). Its implementation is checked by
simulating a closed channel flow and validated by the fact that the resulting mean
current velocity profile, Reynolds stress and turbulence intensity agree reasonably
well with the direct numerical simulation by Kim et al. (1987) compared with other
large eddy simulations (Garg 1996).

In the wavy case, Langmuir circulations are generated by the interaction of the
stress-driven mean current and the wave field, and are embedded in the irregular,
chaotic instantaneous flow field. They can be clearly identified after time averaging
the flow field. In the mean flow field, Langmuir cells coexist with the first order wave
field. The longitudinal vortices slightly alter the wave field, and in turn, they are
modulated by the surface wave. A current anomaly is observed, but it is rather weak
near the top surface compared with that near the bottom boundary layer. This is
due to the stirring effects of the turbulence, whose intensity is larger at the upper
surface. The maximum downwelling speed and pitch compare favorably with those

measured in field observations.
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Compared with that in open channel flow, the mean current profile is quite dif-
ferent. The logarithmic region of near the bottom wall is reduced. Furthermore, the
logarithmic profile near the top surface is almost entirely destroyed by the Langmuir
circulations, resulting in a more uniform mean current.

The instantaneous Langmuir turbulence flow field has a rich structure that in-
cludes short, longitudinal streaks that are irregularly distributed near the top surface,
in agreement with the multiple scales observed in experiments. In contrast, the open
channel flow is more homogeneous in this region.

Langmuir turbulence produces greater anisotropy in the turbulence intensities
than shear turbulence. Larger perturbations occur in the spanwise and vertical di-
rections and less streamwise turbulence intensity is obtained.

In the turbulence, the momentum input due to the top shear stress is carried
vertically by the Reynolds stress in the region outside the top and bottom boundary
layers. In Langmuir turbulence, however, the turbulence only contributes about half
of the vertical transport of streamwise momentum, with the other half due to the
mean Langmuir circulations, demonstrating the critical role of Langmuir circulations
in mixing. This has great implication in the modeling of upper ocean. Because
standard turbulent parameterizations may only predict the momemtum transport
due to shear turbulence, modifications must be made to count for the significant
contribution of Langmuir circulations.

An important length scale discovered in the turbulence property profiles is the
e-folding depth of the Stokes drift. Inside a top layer that scales with this depth, the
turbulent kinetic energy increases rapidly. Its budget shows enhanced production in
this region. This is balanced by the pressure transport term and the mean convective
term due to wave motion. This length scale supports the notion of a vortex force,
which is proportional to the Stokes drift in the Craik-Leibovich theory.

Except for the absence of a wave field in the 3DCL case, the flow field predicted
by the Craik-Leibovich theory is similar to the 3Dwavy flow. In particular, the mean
current in the two cases are quantitatively close in the two cases. The Langmuir
circulations obtained are also qualitatively similar. However, the Craik-Leibovich

theory predicts stronger mean Langmuir circulations and weaker turbulence, probably



CHAPTER 6 181

because it neglects the interaction of turbulent eddies with time scales comparable to

the wave period.
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Figure 6.1: Comparison of mean velocity (normalized by u?) from LES with DNS of Kim
etal. (1987), Re, = 180.
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Figure 6.2: Stress components (normalized by u42) and the total stress of LES for Re. =
180.
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Figure 6.3: Comparison of Reynolds stress (normalized by u??) from LES (- < ufuj >

—q13) with DNS of Kim et al. (1987). Re. = 180.

3-5 T T L) Li L L] L) L

— DNS(KMM)
sk & O _LES

"
"Irms

b i i I

0 20 40 60 80 100 120 140 160 180
+
z

Figure 6.4: Comparison of u/,,, (normalized by u?) from LES with DNS of Kim et al.
(1987), Re. = 180.
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Figure 6.5: Comparison of ul,,, (normalized by u?) from LES with DNS of Kim et al.
(1987). Re. = 180.
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Figure 6.6: Comparison of u4,,, (normalized by u?) from LES with DNS of Kim et al.
(1987), Re. = 180.
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Figure 6.8: Time evolution of spanwise kinetic energy (normalized by §2).
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Figure 6.9: Top stress estimation for the turbulent box cases. (Stress is normalized by $2,

: is normalized by h)
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Figure 6.10: Top stress estimation for the laminar box case based on the Craik-Leibovich

theory. (Stress is normalized by S2, z is normalized by h)
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Figure 8.11: 3DwavyT1 case. Vorticity contours on spanwise-vertical planes. (normalized
by ufwa.uy/h)
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Figure 6.13: Comparison of the 3DwavyT1 and 3DCLT1E streamwise velocity contours
and spanwise-vertical velocity vectors. They are shown on spanwise-vertical planes, with
the mean current flow out of the paper. The plot of the 3DCLT1E case is phase-shifted
in the spanwise direction. (3DwavyT1: normalized by u‘fmvy, 3DCLT1E: normalized by
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Figure 6.14: Comparison of 3DwavyT1 and 3DCLTI1E streamwise velocity profiles as
functions of the spanwise coordinate, where maximum downwind jet occurs. The profile
of the 3DCLT1E case is phase-shifted in the spanwise direction. (Velocity normalization:
3DwavyT1 by ufwauy, 3DCLTI1E by u‘_’CL; y is normalized by k)
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Figure 6.15: Comparison of 3DwavyT1 and 3DCLT1E spanwise velocities along the ver-

tical centerlines of the Langmuir cells. (Velocity normalization: 3DwavyT1 by u‘,‘wauy,

3DCLTIE by ul,;; z is normalized by k)
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Figure 6.16: Comparison of 3DwavyT1 and 3DCLTIE vertical velocities at the upwelling
and downwelling zones. (Velocity normalization: 3DwavyT1 by u;‘wwy, 3DCLT1E by ul,;
z is normalized by h)
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Figure 6.17: Comparison of 3DwavyT1 and 3DCLT1E streamwise velocities at the up-
welling and downwelling zones. (Velocity normalization: 3DwavyT1 by u‘_‘wavy, 3DCLT1E
by uls; 2 is normalized by h)
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Figure 6.18: Comparison of 3DwavyT1, 3DCLT1E and 3DOchanT1E cases. Mean stream-
wise current proﬁle (Velocity normalizations: 3DwavyT1 by u_wavy, 3DCLTI1E by u_CL,
3DOchan by ulycp,n; 2 is normalized by h)
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Figure 6.20: Comparison of the mean velocity profiles near the bottom wall for cases
3DwavyT1, 3DCLT1E, and 3DOChanT1E. (Velocity normalizations: 3DwavyT1 by u“_‘wauy,
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Figure 6.21: Comparison of the mean velocity deficit profiles near the top wall for cases
3DwavyT1, 3DCLT1E, and 3DOChanT1E. ( Velocity normalizations: 3DwavyT1 by ufwauy,
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Figure 6.22: 3DwavyT1 case. Spanwise vorticity < @» >z (normalized by ufwavy/h.) as
a function of depth (normalized by h) under the trough of the surface wave.
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Figure 6.23: 3DwavyT1 case. Contours of < @; >; (normalized by ufwwy/h) in the
streamwise-vertical plane at the center of the Langmuir circulation with positive streamwise
vorticity.
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Figure 6.24: 3DwavyT1 case. < %; >, contours (normalized by u;‘wauy).
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Figure 6.28: 3DwavyT1 case. Instantaneous iso-surfaces of @, near the top surface at
0.7 < 73 < 1.0 (in the curvilinear system). The surface values are 6.5 (red) and -6.5 (blue)
(normalized by ufw,wy /h).
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Figure 6.27: 3DCLT1E case. Instantaneous iso-surface of &; near the top surface at
0.7 < z3 < 1.0. The surface values are 6.5 (red) and -6.5 (blue) (normalized by udop /h).
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Figure 6.28: 3DOChanT1E case. Instantanuous iso-surface of &; near the top surface at

0.7 < z3 < 1.0. The surface values are 6.5 (red) and -6.5 (blue) (normalized by ufoc,mn/h).
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Figure 6.30: 3DwavyT! case. Instantaneous contours of &, (normalized by u‘_’wauy /h) at
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Figure 6.31: Comparison of 3DwavyT1, 3DCLTI1E, and 3DOChanT1E cases. Profiles of
< Wyms >tzyz,- For the 3Dwavy case, the average is along the curvilinear coordinates.
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Figure 6.32: Comparison of 3DwavyT1, 3DCLT1E, and 3DOChanTIE cases. Profiles of
< Ujpms Dtzyz,- For the 3Dwavy case, the average is along the curvilinear coordinates.
(Velocity normalizations: 3DwavyT1 by ug,,,,,, 3DCLT1E by ul.;, 3DOchan by ulycp,.;
z is normalized by h)
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Figure 6.33: Comparison of 3DwavyT1, 3DCLT1E, and 3DOChanTI1E cases. Profiles of
< U3pms >tzyzp- For the 3Dwavy case, the average is along the curvilinear coordinates.
(Velocity normalizations: 3DwavyT1 by u?,,,,, 3DCLT1E by ud;,, 3DOchan by ud,,, . ;
z is normalized by h)
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Figure 6.34: Comparison of 3DwavyT1, 3DCLT1E, and 3DOChanT1E cases. One dimen-
sional energy spectra of streamwise velocity. The vertical location is 7° = 0.85 ~ 1 —1 [4Kz.
(normalizations: 3DwavyT1 by ufﬁm,,yhz, 3DCLTI1E by u‘,%Lh2, 3DOchan by u‘_%c,mnhz;
ky, is normalized by 1/h)
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Figure 6.35: Comparison of 3DwavyT1, 3DCLT1E, and 3DOChanT1E cases. One dimen-
sional energy spectra of spanwise velocity. The vertical location is 7 =085~1-1/4k,.
(normalizations: 3DwavyT1 by ufl,, h? 3DCLTIE by uf%, h?, 3DOchan by u® ., h?:

ky is normalized by 1/h)
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Figure 6.36: Comparison of 3DwavyT1, 3DCLT1E, and 3DOChanTIE cases. One dimen-
sional energy spectra of vertical velocity. The vertical location is 7% = 0.85 ~ 1 - 1/4k,.
(normalizations: 3DwavyT1 by ud2, A%, 3DCLTIE by u% A2, 3DOchan by u®? ., A2
ky is normalized by 1/h)
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Figure 6.37: Comparison of 3DwavyT1, 3DCLT1E, and 3DOChanT1E cases. Reynolds
stress — < ujuj >z,z, profiles. For the 3Dwavy case, the average is along the curvilinear
coordinates. (stress normalizations: 3DwavyT1 by u?2,, , 3DCLT1E by u?2,, 3DOchan
by u2%cp, . 2 is normalized by k)
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Figure 6.38: 3DCLT1E case. Decomposition of the total Reynolds stress — < ujuz >z, 2,.
(stress normalized by u‘_%L; z is normalized by h)
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Figure 6.39: 3DwavyT1 case. Decomposition of the total Reynolds stress — < U Uz >per2.
(stress normalized by uf?mvy; z is normalized by h)
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Figure 8.40: Comparison of 3DwavyTl, 3DCLT1E, and 3DOChanT1E cases. Turbulent
kinetic energy 0.5 < ulu! > ., profiles. For 3Dwavy case, the average is along the
curvilinear coordinates. (TKE normalizations: 3DwavyT1 by u;‘ﬁmvy, 3DCLTI1E by ufch,
3DOchan by u%,., : 2z is normalized by h)
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Figure 6.41: Comparison of 3DwavyT1, 3DCLT1E, and 3DOChanTIE cases. Profiles
of viscous dissipation rate of turbulent kinetic energy. For 3Dwavy case, the average is
along the curvilinear coordinates. (dissipation normalizations: 3DwavyT1 by uf‘?‘my/h,
3DCLT1E by u%3, /h, 3DOchan by u® ., _/h; = is normalized by h)
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Figure 6.42: Comparison of 3DwavyT1 and 3DCLT1E cases. Turbulent kinetic energy
contours. The planes are spanwise-vertical, with the mean current flow out of the paper.
The contours of the 3DCLTLE case are phase-shifted in the spanwise direction. (3DwavyT1:
normalized by u$Z,,,, 3DCLT1E: normalized by ud%)
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Figure 6.43: Comparison of 3DwavyT1 and 3DCLTI1E cases. Viscous dissipation rate
of turbulent kinetic energy. The planes are spanwise-vertical, with the mean current flow
out of the paper. The contours of the 3DCLT1E case are phase-shifted in the spanwise
direction. (3DwavyT1: normalized by uf‘mw /h, 3DCLT1E: normalized by u®., /h)
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Figure 8.44: 3JDOChanTI1E case. Turbulent kinetic energy budget. ( budget normalized
by u%)chan/hi 2 is normalized by k)
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Figure 8.45: 3DCLT1E case. Turbulent kinetic energy budget. (budget normalized by
u®3,; /h; z is normalized by k)
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Figure 6.46: 3DwavyT1 case. Turbulent kinetic energy budget near wave crest. (budget
normalized by u®3,, /h; z is normalized by h)

1r J
0.5 -
N —
or| — i
-05H - ]
— Tsgs
— ~ Oref

_1 i Lo A ' e L '
-250 -200 -150 -100 -50 0 50 100 150 200 250
TKE budget

Figure 6.47: 3DwavyT1 case. Turbulent kinetic energy budget at the forward slope of the
surface wave. (budget normalized by uZ3 . /h; z is normalized by h)

swavy



CHAPTER 6

o
—
o

T
1
!
|

<
051

~ — P
orf—c
- T
- D
. E
-05r __ ¢

— Tsgs

-— Esgs

~ ~ Oref s N

-1 e d 1 L
-250 -200 -150 -100 -50 0 50 100 150 200 250
TKE budget

Figure 6.48: 3DwavyT1 case. Turbulent kinetic energy budget near wave trough. (budget
normalized by ufswavy/h; z is normalized by h)
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Figure 6.48: 3DwavyT1 case. Turbulent kinetic energy budget at the backward slope of
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Figure 6.50: 3DwavyT1 case. Spanwise averaged turbulent kinetic energy production rate
(< P >ye2) contours. (normalized by uf3 . /h)
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Figure 6.55: 3DwavyT1 case. Spanwise averaged mean convection rate (C). (normalized
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Chapter 7

Conclusions and Recommendations
for Future Work

7.1 Conclusions

Langmuir circulations in a wavy domain have been simulated for the first time by
directly solving the Navier-Stokes equations in a curvilinear coordinate system. The
computations were carried out for both laminar and turbulent flows in an open channel
with a second order Stokes wave propagating at the surface. A constant tangential
stress imposed at the top drives a mean current that interacts with the surface wave
to generate Langmuir circulations. With heat transfer, stratification. and Coriolis
force excluded, the simulations serve as a first step to understanding the mechanism
and dynamics of Langmuir circulations and to predicting their effects on mixing.

In our model, the kinematic and dynamic boundary conditions are applied on the
wavy surface. As a first approximation, we assume that the shape of the surface
wave remains unchanged. An orthogonal transformation is used to map the wavy
physical domain into a rectangular computational domain. The fixed shape of the
wave and the orthogonality of the transformation greatly reduced the computational
cost. The numerical method is a modified version of the fractional step method of
Zang et al. (1994) for solving the Navier-Stokes equations in a generalized curvilinear
coordinate system. In the turbulent cases, dynamic subgrid scale model of Germano
el al. (1991) is used. The computer code is written in a modularized fashion and
is fully vectorized. It is also optimized by using a improved multigrid method for
the pressure Poisson equation on a vertically stretched grid. The correctness of the
computer code is verified by the results for the benchmark cases.

The Langmuir circulations produced by the simulations agree with the experimen-

tal observations. The initial perturbations grow exponentially in time. Higher modes
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with short wavelengths develop first. They later combine and there are large counter
rotating Langmuir cells in the final equilibrium state. As observed in the field, the
Langmuir cells are asymmetric, separated by an upwelling zone and a downwelling
zone, the downwind velocity being greater at the convergence zone than at the diver-
gence zone (current anomaly), and the maximum downwelling velocity being located
just above the mid-depth of the channel. They coexist with the wave field and are
modulated by the surface wave. The predicted pitch, defined as the ratio of the max-
imum downwind jet velocity to the maximum downwelling velocity, and the relation
between the maximum downwelling velocity and the wind speed agrees well with field
observations.

In turbulent flow, the Langmuir circulations are embedded in a much stronger,
chaotic instantaneous field; nonetheless, they can be identified by time averaging.
The turbulence is stronger near the top, giving rise to a weaker current anomaly
in this region than near the bottom wall. Relative to the non-wavy stress-driven
open channel flow, the mean flow is greatly modified. Close to the bottom wall, the
~ logarithmic region is destroyed by the penetration of Langmuir cells. Near the top
surface. Langmuir cells destroy most of the logarithmic profile found in turbulent
Couette flow, leading to a more uniform mean current.

By studying instantaneous snapshots of the longitudinal vorticity field, a rich
structure is observed that contains shorter, randomly distributed, streamwise oriented
streaks and more irregular small scale motions. This is supported by the multiple
scales observed in the field (Weller and Price 1988, Thorpe 1992).

Compared with turbulent Couette flow, the streamwise turbulent fluctuations are
weaker but the spanwise and vertical perturbations are stronger in the prsence of
waves. Unlike open channel flow turbulence, in which streamwise momentum is trans-
ported vertically mainly by turbulent motions, in Langmuir turbulence, the mixing
due to the turbulence and the mean Langmuir circulations are of approximately equal
importance. The momemtum transport by the Langmuir circulations is the dominant
contribution in the lower half of the channel. This confirms the importance of the
role of Langmuir circulations in mixing. The turbulent kinetic energy budget shows

that in the top surface layer, the production rate is enhanced in Langmuir turbulence.
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The pressure transport term is also significant in this region; this is not the case for
turbulent Couette flow.

The numerical results for the wavy flow were also used to study the Craik-
Leibovich (CL) theory in a rectangular domain. A two dimensional free surface flow
under a second order Stokes wave was examined first. From the analytical solutions
for the inviscid flow and numerical solutions for the viscous flow, we found two com-
ponents intrinsic to the wave field that drive the Langmuir circulations: the Stokes
drift caused by the irrotational wave motion, and the Eulerian mean flow induced by
the top wavy boundary layer.

Comparison of the wavy flow with the simulations results based on CL theory
suggests that, in addition to the Stokes drift included in the CL theory, the Eulerian
mean flow induced by the surface wavy boundary layer is important. Including its
effects in the simulation based on the CL theory is essential to predicting the correct
quantitative properties of Langmuir circulations, especially the pitch. For laminar
flows, when the wave-induced stress is included, excellent agreement is achieved be-
tween the computed streamwise-averaged wavy flow and that predicted by the CL
theory. It should also be noticed that the relative importance of the Eulerian mean
flow induced stress versus the wind stress is sensitive to the eddy viscosity near the
surface, which needs to be futher investigated experimentally. The simulation based
on the Craik-Leibovich theory also shows that the cell merging process largely resem-
bles the inverse energy cascade in two dimensional turbulence.

In Langmuir turbulence, although the Langmuir circulation structure obtained
from CL theory is similar to what is found in turbulent wavy flow, significant quan-
titative differences are observed. The Langmuir circulations in the wavy field is only
about 2/3 as strong as those predicted by CL theory. However, the flow in the wavy
domain has greater turbulent intensities. A possible reason is that CL theory fails
to account for the wave-current interaction between the turbulent eddies with time

scale comparable to the wave period.
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7.2 Recommendations for Future Work

All the calculations in this work only consider the momentum transport. Therefore, an
immediate extension of our model should be the incorporation of thermal convection
and stratification effects caused by diurnal surface heating and salinity nonuniformity,
respectively. Additional differential equations must be included to account for scalar
transport, and a buoyancy term needs to be added to the momentum equations. In
addition, the turbulence model needs to be extended to close the scalar transport
equation.

Surface heating effects can be studied by simulating a wavy flow with a constant
surface heat flux. Additional nondimensional parameters introduced by including
heating are the Prandtl number and the ratio between the vortex forcing and the
convective forcing due to the surface heat flux. Our model can also be extended by
imposing stabilizing stratification in the initial flow field. The deterioration of the
stratification by the Langmuir circulation can shed new light on the process of mixed
layer deepening and the themocline erosion, as suggested by Langmuir (1938) and
Smith et al. (1987).

The length scales of Langmuir cells in ocean are up to hundreds of meters. Un-
der these circumstances, the Coriolis force becomes important. Ekman layer spiral
patterns have been reported by Assaf et al. (1971), Thorpe (1992), and Farmer and
Li (1995). In order to account for these motions, Coriolis force must be included in
the model.

It has been suggested that in addition to wind stress, wave breaking can gener-
ate enough shear near the top of a free surface wave to produce Langmuir circula-
tions (Skyllingstad and Denbo 1995). To verify this conjecture, the wave breaking
effects need to be included in our model. As suggested by Monismith and Mag-
naudet (1998), these effects can be modeled through a semi-random energy and vor-
ticity input at the top surface.

One limitation of this work is that the flow is bounded at the bottom by a solid
wall, whereas in most field observation it is by a thermocline. To accommodate for
this condition, techniques used by Skyllingstad and Denbo (1995) and McWilliams
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et al. (1997) can be adapted. The bottom boundary is set well below the thermo-
cline, which is a strongly stratified layer beneath the mixed layer. An internal wave
radiation boundary condition (Klemp and Duran 1983) should be applied at the bot-
tom boundary to absorb momentum flux. This simulation should enable us to better _
understand mixing in the upper ocean.

The cost of our computation is significant. Since the development of Langmuir
circulations is slow compared with the wave motion, the code needs to run thousands
of wave periods to reach an equilibrium state. Although good performance has been
achieved on the Cray J90, a typical case consumes as much as 30 days on a single
processor. The rapid development of parallel supercomputers provides an exciting
way to improve the code efficiency. Thus, parallelization of this serial code is one
of the major steps to be taken before sophisticated simulations can be carried out.
Converting the computer algorithm using the standard MPI library is a good place to
start. since the portability of the MPI library will enable the code to run on multiple
platforms.

In our simulation, we assumed that the surface wave shape does not change. In
future work, this restriction can be relaxed by using a more realistic wave surface at
the top. with its shape defined by an extra unknown variable that is derived from a
evolution equation. The numerical method of Hodges (1997) for unsteady turbulent
free-surface flows can be adapted. However, the increase in cost will be substantial.
Since the surface wave shape changes with time, we could no longer be able to take
advantage of the orthogonal transformation for the second order Stokes wave used
here. Instead, a non-orthogonal curvilinear system must be used. The off-diagonal
metric terms will be nonzero, leading to more complicated transformed equations and
larger storage requirements. The surface wave should be advanced at each time step
and a new computational grid should be generated. Therefore, more CPU time is
needed per time step. Furthermore, the grid advancement algorithm imposes more
restrictions on the size of the time step. Therefore, the computer code efficiency needs

to be improved considerably before this task is undertaken.
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